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Abstract

A major difficulty in traditional finite element analysis is the effort of meshing com-
plex three-dimensional solids and structures. The inherent reason for the difficulty is
that highly distorted elements should be avoided. This condition is difficult to satisfy
because the traditional elements must abut to each other, that is, they cannot overlap.
To overcome this restriction, we have developed “overlapping elements”. These el-
ements perform well even when highly distorted and hence can be used much more
easily in meshing a complex domain. However, they use additional nodal degrees
of freedom which add to the computational effort of solution. To reduce the overall
solution cost, including the meshing, we focus on the AMORE scheme in which tra-
ditional undistorted elements are used to discretize most of the analysis domain and
overlapping elements are used for the rest of the domain. The premise is that in this
way, the meshing effort is much reduced and the computational effort is also less than
in a traditional finite element analysis. This way the use of AMORE leads to an overall
efficient modern finite element analysis.

Keywords: finite elements, overlapping finite elements, AMORE, automatic meshing
with overlapping and regular elements, statics and dynamics, computational effort
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1 Introduction

The analysis of a complex three-dimensional solid or fluid requires a significant effort
for meshing the analysis domain. The underlying reason for this effort is that the
finite elements need to abut to each other, without gaps, and the elements should not
be highly distorted [1]. For this reason, much research effort has been focused on
meshless methods of analysis in which no underlying mesh is needed [2].

One of the computationally most effective meshless techniques is the Method of
Finite Spheres [3]. In this analysis procedure small and large spheres can be used,
with no restriction, the spheres overlap, no artificial analysis factors for stability are
used and the procedure is general to solve two- and three-dimensional problems in
statics and dynamics [4,5].

However, while this method is one of the computationally most effective mesh-
less procedures, and the meshing can be relatively easily performed because “no
spheres/elements need to abut”, the computational effort to establish the governing
equations and for the solution of these equations is very high, too high for the method
to be a competitive analysis tool in industry. Therefore, it appears that while numerous
papers by many authors have been written on meshless methods, these techniques will
not have the desired impact in practical engineering analyses – at least not for now,
with the current hardware and software available.

To tackle the basic problem of reducing the meshing effort while at the same time
arriving at a computationally efficient procedure, it appears natural to therefore com-
bine the “best qualities” of the schemes used in traditional finite element analysis
and the more recently developed meshless methods. This thought led to the devel-
opment and use of ‘overlapping finite elements’ and the AMORE paradigm [6-9].
Here AMORE is an acronym for Automatic Meshing with Overlapping and Regular
Elements [9]. Instead of overlapping elements, also ‘overlapping meshes’ can be used
[10] but we focus here on overlapping elements.

In the next sections we give a short overview of the formulations of overlapping
elements and the AMORE paradigm and point out the advantages in use. We also
give a few illustrative solutions. However, for more depth regarding the formulations
and applications, the interested reader is referred to the earlier published papers. We
conclude this exposition with a view towards further valuable developments of the
overlapping elements and AMORE.

2 The Overlapping Elements and AMORE

In this section we briefly overview the formulations of the overlapping elements and
the AMORE scheme.
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2.1 Overlapping elements

Consider the part of a mesh shown in Figure 1, which shows three two-dimensional
polygonal elements that overlap. The polygonal elements are colored in blue, green
and red and overlap over the triangular region i− j − k. We focus on the behavior of
this triangular region, for example a displacement component u is assumed to be:

u (x) =
N∑
I=1

hIψI (1)

where hI is the traditional low-order finite element shape function (in Figure 1, N =
3), the three-node triangular region corresponds to the nodes i = 1, j = 2, k = 3, and
ψI is the field “corresponding to the polygonal element I associated with node I”, see
Figure 1. For ψI , we use

ψI =
m∑

K=1

ϕI
K uK (2)

wherem is the number of nodes of the polygonal element, m = 6 or 7 in Figure 1, and
uK is the unknown nodal basis function for nodeK. In static analysis, uK corresponds
to a polynomial basis [7,8], but it can be efficient, for example, to include harmonic
functions in the analysis of wave propagations [11,12].

Since we use Eq. (2) in Eq. (1) with hI (and its properties) we can use N instead of
m and arrive at

u (x) =
N∑

K=1

ρK uK (3)

where

ρK =
N∑
I=1

hI ϕ
I
K (4)

For the triangular overlapping element considered in Figure 1 we have N = 3 but
the formulation is very general. We have formulated in this way, two-dimensional tri-
angular and quadrilateral elements, and three-dimensional tetrahedral, brick, pyramid,
and prism elements [7-9,13-15].

An important ingredient in the element formulations is the choice of ϕI
K which is

selected for stability, to satisfy the patch test, for which we need to have
N∑

K=1

ϕI
K = 1

for all I , and optimal accuracy. Additional important ingredients are the coupling
elements which are used to couple regular elements to the overlapping elements. We
refer to the references (e.g. Refs. [9,14,15]) for the construction of effective ϕI

K and
the coupling elements.

The overlapping finite elements have the following important properties: they are
compatible and satisfy the patch test, and they are quite insensitive to element geo-
metric distortions. As an example, the distortion insensitivity compared to the use of
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Figure 1: Schematic showing three polygonal elements used to construct the triangu-
lar 3-node overlapping element; (a) the triangular element i − j − k; (b)
the corresponding polygonal elements with 6 or 7 nodes and center nodes
I, J,K. The schematic also shows the spheres underlying the formulation
of the element.

traditional elements is displayed in the example solution of Figure 2 and Table 1. Here
we compare the calculated response using a 4-node overlapping finite element (with a
quadratic nodal polynomial) to the response predicted using the traditional 9-node ele-
ment [14]. The 9-node element is quite powerful because it preserves its completeness
when subjected to angular geometric distortions [1].

The further potential of the overlapping elements is displayed in Figures 3 and 4,
where we show the use of overlapping elements in the solution of a wave propagation
problem. We consider the analysis of Lamb’s problem subjected to step loadings [12]
given by Fc(t)

Fc(t) = 2× 106[H(0.15− t)− 3H(0.1− t) + 3H(0.05− t)] (5)

where H is the unit step function. The discontinuous loading causes high frequency
oscillations and hence for this response prediction we included harmonic functions
in the basis of the overlapping elements. To model the infinite domain, we used a
uniform mesh of 160 × 160 × 2 = 51, 200 triangular (3-node) elements and a non-
uniform mesh of 30, 446 triangular elements, each time for half of the domain using
symmetry. For the time integration we employed the Bathe implicit time integration
scheme [12,16,17].

Figure 4 shows the calculated response in comparison with an analytical solution
[12]. We see that the predicted response is excellent with both meshes used. More
details of this solution and other wave propagation analyses using the overlapping el-
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Figure 2: Thin beam problem; (a) Description of the bending problem; total applied
force is 1N; (b) Parallelogram mesh used; (c) Trapezoidal mesh used [14].

Figure 3: A semi-infinite elastic medium in plane strain conditions subjected to a con-
centrated line force on the free surface; cP , cS , cR are the pressure, shear
and Rayleigh wave speeds.

ements are given in Refs. [11,12]. Of course, to solve wave propagation problems not
only the spatial discretization of the domain is important but also the temporal dis-
cretization, that is, the time integration scheme. These two procedures for the spatial
and the temporal solution need ‘to work together’ and influence each other such as to
reach an accurate prediction of the response. The overlapping elements have shown
good characteristics in that regard, see Refs. [11,12].

While the overlapping elements clearly show specific strengths, a disadvantage of
the elements is that they carry additional nodal degrees of freedom, since uK corre-
sponds to a polynomial (or another suitable function). Hence the elements require a
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9 node FE
(72 dofs)

e = 0m 0.1 0.2 0.3 0.4

parallelogram
0.9901

0.9813 0.9397 0.8770 0.8252

trapezoidal 0.9811 0.9234 0.8422 0.7966

4-node OFE
(156 dofs)

0 0.1 0.2 0.3 0.4

parallelogram
0.9909

0.9917 0.9925 0.9920 0.9905

trapezoidal 0.9913 0.9910 0.9903 0.9906

Table 1: Normalized y-direction displacement at the tip (x = 6, y = 0); for the nor-
malization the reference displacement is −0.1081m [14].

Figure 4: Time history of horizontal and vertical displacements of the elastic medium
subjected to the step loading on the free surface. The displacements at x =
(640, 0) and x = (1280, 0) are shown.
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higher order numerical integration in the evaluation of the stiffness and mass matrices
than the traditional elements with the same number of nodes, and the bandwidth is
larger in the assembled system matrices.

To obtain insight, it is of value to see the relationship of the overlapping finite
elements to traditional finite elements and ‘finite elements with interpolation covers’
[18,19]. The finite elements with covers are obtained by neglecting the ‘displacement
bubbles’ implicitly introduced in the overlapping elements, and the traditional finite
elements are obtained by in addition only assigning the usual (traditional) nodal degree
of freedom at each node. Hence the overlapping finite elements can be thought of
as ‘containing’ the finite elements with interpolation covers and the traditional finite
elements, or the overlapping elements may be regarded as further developments of
these two discretization schemes.

Finally, we should also mention that the work reported upon in this paper relates
closely to the important contributions of other researchers, in particular to the devel-
opment of the ‘generalized finite element method’ [20-24]. However, the overlapping
finite elements are simple in formulation and stable, without special considerations.
Elements for one-, two- and three-dimensional analyses have been formulated with
smooth stresses inside each element. Also, as expected, the overlapping elements are
implemented and employed with coupling elements like traditional elements in a finite
element program and can be used in one mesh with regular elements.

The effective use of the elements is reached in the AMORE paradigm of analysis
which we consider next.

2.2 The AMORE scheme

The AMORE procedure is based on the knowledge that:

1. Traditional finite elements can be quite effective when they are geometrically
undistorted and are formulated with incompatible modes. A typical such ele-
ment is the 4-node undistorted quadrilateral element with incompatible modes
for two-dimensional solutions and the corresponding 8-node brick element with
incompatible modes for three-dimensional analyses.

2. The overlapping elements are quite distortion-insensitive, that is, their predic-
tive capability is not significantly diminished when the elements are geometri-
cally distorted. However, the elements are computationally more expensive in
use than traditional elements due to the use of a higher order numerical integra-
tion for the calculation of the governing matrices and the increased number of
degrees of freedom at their nodes.

Hence it is natural to mesh a domain as much as possible with undistorted regular
elements, and mesh the rest of the domain with overlapping elements. This aim is
pursued in the AMORE scheme.
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Figure 5: Description of machine tool jig problem; a uniformly distributed load p per
unit length is applied, lengths in mm.

Figure 6: Meshes used for solving the machine tool jig problem; (a) Traditional mesh
using the 8-node brick element with incompatible modes; (b) AMORE mesh
also including overlapping elements [14].
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Figures 5 to 7 give the analysis of a machine tool jig. The reference solution on
which the errors are measured was obtained using a very fine mesh of 27-node el-
ements. We see that using the AMORE mesh gives a significantly more accurate
stress prediction than using the mesh of 8-node brick elements with incompatible
modes [14].

Figures 8 to 10 show the analysis results of a machine part. Here a comparison is
given between the results obtained using the AMORE scheme and traditional analy-
ses using 10-node tetrahedral elements and 27-node brick elements. The structure is
clamped on its footing and a pressure loading is applied in part of the hole at its top
for the structure to bend. We see that in this comparison the AMORE solution is quite
competitive, however, the meshes were not optimized and the solution accuracy needs
to be assessed against a very accurate solution. A more encompassing conclusion
regarding the effectiveness of AMORE analyses cannot yet be made.

Indeed, for a thorough comparison of solution effectiveness, each method should
be used in its optimal manner to obtain analysis results to a prescribed accuracy (in
displacement, stress or a norm) and the computational effort should be measured. This
comparison would then include only the computer time and storage used. At least
equally important is of course also the effort needed for meshing, that is, to establish
the numerical model to be solved. The premise is that then in the ‘overall effort of
solution’ the AMORE scheme would be seen as very effective.

Figure 7: Errors in the von Mises stress results on surface 1 of the jig (see Figure 5).
The maximum von Mises stress on the surface is about 250 MPA.
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Figure 8: AMORE analysis using 8-node brick elements with incompatible modes and
4-node overlapping tetrahedral elements. Number of equations = 122, 730;
max. y-displacement −22.25; max. von Mises stress = 2.62; solution time 7
sec.

Figure 9: A traditional analysis using 10-node tetrahedral elements. Number of equa-
tions = 739, 635; max. y-displacement -22.42; max. von Mises stress = 2.72;
solution time 60 sec.
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Figure 10: A traditional analysis using 27-node hexahedral elements. Number of
equations = 1, 197, 816; max. y-displacement −22.48; max. von Mises
stress = 2.53; solution time 242 sec.

3 Concluding remarks

The objective was to give an overview of the recently developed overlapping finite
elements and the AMORE scheme.

In essence, these procedures are built on using the “best” qualities of the traditional
finite elements and meshless methods. However, as frequently for novel numerical
schemes, further developments are needed. These include the extension of the formu-
lations to general dynamic and nonlinear analyses, including the solution of contact
conditions. Also, while the AMORE scheme is already valuable in the analysis of
many problems, the effectiveness might be increased by more efficient numerical in-
tegration schemes for the overlapping element stiffness and mass matrices, optimally
“adjusting” direct sparse solvers for the increased bandwidth due to the additional de-
grees of freedom, and the use of novel special degrees of freedom in solving certain
problems in engineering and the sciences.

Indeed, also novel overlapping elements or schemes close thereto, building on the
use of the “best” qualities of the traditional finite elements and meshless methods –
thus still using an AMORE procedure – might be envisaged.

Finally, an effective automatic meshing of complex three-dimensional geometries
focused on an efficient use of AMORE is particularly important. The mesh should
take maximum advantage of using traditional undistorted elements where possible and
effective, and the overlapping elements in the remaining parts of the domain. Ideally
such AMORE meshes would be very simple for an analyst to generate.
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With the above aims achieved, AMORE could also be a very powerful analysis tool
for use by designers to be used in studies of preliminary designs where a lower but
still acceptable level of accuracy in displacements and stresses would be employed,
thus allowing a computationally fast solution.

Hence, there are exciting avenues to be pursued in the further development of
AMORE to reach an ever more powerful analysis tool in engineering and the sciences.

Acknowledgements

I would like to thank my many students who worked with me at MIT on the over-
lapping finite elements and AMORE and thank Dr. Y. Ko of Bentley Systems for his
work on AMORE and providing the analysis results in Figures 8 to 10.

References
[1] K.J. Bathe, Finite Element Procedures, Prentice Hall, USA, 1996, 2nd edition

[K.J. Bathe], Watertown, MA, USA, 2014; also published by Higher Education
Press, China, 2016.

[2] G.-R. Liu, Mesh free Methods: Moving Beyond the Finite Element Method,
CRC Press, 2002.

[3] S. De, K.J. Bathe, “The Method of Finite Spheres”, Computational Mechanics,
25, 329-345, 2000.

[4] B. Lai, K.J. Bathe, “The Method of Finite Spheres in Three-Dimensional Linear
Static Analysis”, Computers & Structures, 173, 161–173, 2016.

[5] K.T. Kim, K.J. Bathe, “Transient Implicit Wave Propagation Dynamics with the
Method of Finite Spheres”, Computers & Structures, 173, 50–60, 2016.

[6] K.J. Bathe, “The Finite Element Method with ‘Overlapping Finite Elements’”,
Proceedings Sixth International Conference on Structural Engineering, Mechan-
ics and Computation – SEMC 2016, Cape Town, South Africa (A. Zingoni, ed.),
2016.

[7] K.J. Bathe, L. Zhang, “The Finite Element Method with Overlapping Elements
– A New Paradigm for CAD Driven Simulations”, Computers & Structures, 182,
526-539, 2017.

[8] L. Zhang, K.T. Kim, K.J. Bathe, “The New Paradigm of Finite Element So-
lutions with Overlapping Elements in CAD – Computational Efficiency of the
Procedure”, Computers & Structures, 199, 1-17, 2018.

[9] K.J. Bathe, “The AMORE Paradigm for Finite Element Analysis”, Advances in
Engineering Software, 130, 1-13, 2019.

[10] J. Huang, K.J. Bathe , “Overlapping Finite Element Meshes in AMORE”, Ad-
vances in Engineering Software, 144, 102791, 2020.

[11] Y. Chai, K.J. Bathe, “Transient Wave Propagation in Inhomogeneous Media
with Enriched Overlapping Triangular Elements”, Computers & Structures, 237,
106273, 2020.

12



[12] K.T. Kim, K.J. Bathe, “Accurate Solution of Wave Propagation Problems in Elas-
ticity”, Computers & Structures, 249, 106502, 2021.

[13] J. Huang, K.J. Bathe, “On the Convergence of Overlapping Elements and Over-
lapping Meshes”, Computers & Structures, 244, 106429, 2021.

[14] S. Lee, K.J. Bathe, “An Enhancement of Overlapping Finite Elements”, Com-
puters & Structures, 260, 106704, 2022.

[15] S. Lee, K.J. Bathe, “Additional Overlapping Finite Elements – the Pyramid and
Prism Elements”, Computers & Structures, 268, 106813, 2022.

[16] G. Noh, K.J. Bathe, “The Bathe Time Integration Method with Controllable
Spectral Radius: The ρ∞-Bathe Method”, Computers & Structures, 212, 299-
310, 2019.

[17] M.M. Malakiyeh, S. Shojaee, K.J. Bathe, “The Bathe Time Integration Method
Revisited for Prescribing Desired Numerical Dissipation”, Computers & Struc-
tures, 212, 289-298, 2019.

[18] J. Kim, K.J. Bathe, “The Finite Element Method Enriched by Interpolation Cov-
ers”, Computers & Structures, 116, 35-49, 2013.

[19] J. Kim, K.J. Bathe, “Towards a Procedure to Automatically Improve Finite Ele-
ment Solutions by Interpolation Covers”, Computers & Structures, 131, 81-97,
2014.
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