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Abstract

In this paper, the solving radiative transfer equation by the optimized Schwarz method
is presented. The optimized Schwarz method is applied as a preconditioner for the
Krylov subspace method to improve the convergence rate. The discrete ordinate and
mixed finite element methods are used for the angular and spatial discretization. The
numerical scalability of Schwarz-type preconditioners is discussed for the different
parameters of the radiative transfer equation.
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Schwarz preconditioner, optimized Schwarz preconditioner, discrete ordinate method,
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1 Introduction

Radiation heat transfer is an essential problem in many areas of engineering. The
general energy equation describing the radiation heat transfer contains the local diver-
gence of radiative flux (see [1]). When dealing with the absorbing-emitting-scattering
medium, it is necessary to evaluate the radiative flux by solving the radiative transfer
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equation (RTE). This equation determines the intensity of the radiation field.

In this paper, we solved the radiative transfer equation using angular discretiza-
tion (for s) and spatial discretization (for x). The discrete ordinate method (DOM)
handles the angular discretizations by replacing the integral over the unit sphere by a
quadrature rule or a weighted summation. This method was first introduced by Chan-
drasekhar [2]. Ever since, it has been widely used and developed [3–6].

The spatial discretization is performed using the Finite Element Method (FEM),
which is attractive because it couples directly with FEM solutions to the energy equa-
tion. Spurious oscillations can occur if the standard Galerkin FEM is used to solve
RTE. The Streamline Upwind Petrov-Galerkin FEM (SUPG-FEM) is used to avoid
this. This method has certain advantages over the other methods [7]. As for the matrix
assembling process, it is more time efficient to use the mixed finite element [9]. The
mixed FEM matrix is banded, while the standard FEM matrix has a block structure.

Using the FEM-DOM discretization, a large sparse linear system is obtained. The
size of the system of equations can be a bottleneck for the limited memory options
of the computer. In such cases, we can apply Domain Decomposition (DD) meth-
ods. The basic idea of DD methods is to divide the original problem into several
suitable subproblems [10, 11]. We can use parallel computation in domain decompo-
sition methods to provide good preconditioners for the Krylov subspace method. Two
basic Schwarz domain decomposition methods are used: the additive and the mul-
tiplicative. By introducing the different boundary conditions, the improved variants
of those preconditioners can be obtained, the so-called optimized Schwarz method,
already introduced for various problems (see [14–16]). Since this method was used
to reduce the iteration counts, we propose using the optimized Schwarz method for
the radiative transfer equation. The numerical experiments focused on the numerical
scalability of the classical and optimized Schwarz method for the different parameters
of the radiative transfer equation are presented.

2 The radiative transfer equation

Radiative transfer describes how electromagnetic radiation is transmitted through a
participating medium. The radiative energy can be defined by the radiative intensity
I(x, s, t), which is a function of the position x, the direction s, and the time t. Find-
ing the radiative intensity I(x, s) in a participating medium requires the solution of
the RTE. In this paper, we consider the monochromatic steady-state radiative transfer
equation described in the form

(s · ∇+ κ+ σs) I(x, s) =
σs

4π

∫
s′=4π

I(x, s′)Φ(s, s′) ds′ + κIb(T ) ∀x ∈ Ω, s ∈ S

(1)
where κ, σs are absorption and scattering coefficients, respectively. Ib is Planck’s
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Figure 1: Change in the radiation intensity by absorption, scattering, and emission
processes.

blackbody intensity, S denotes the unit sphere, and Φ is the scattering phase function,
which describes the distribution of scattered energy coming from direction s′ into
direction s. Figure 1 shows the change in intensity along a path increment ds caused
by losses due to attenuation by scattering and absorption, gain by emission from the
medium, and gain by in-scattering of intensity arriving from other directions.

For the opaque and diffuse emitting wall, the inflow radiative intensity is given as

Iw(xw, s) = εwIb(Tw) +
1− εw

π

∫
nw·s′>0

I(xw, s
′)nw · s′ ds′ ∀(xw, s) ∈ Γ− (2)

where εw is the wall emissivity, nw is the outward unit normal vector and Γ− is the
inflow boundary, i.e Γ− = {(x, s) |x ∈ ∂Ω, s · n < 0}.

3 Solving the radiative transfer equation using DOM
and FEM

The DOM is based on the approximation of the angular space s ∈ S by a set of
m discrete directions (s1, s2, · · · , sm). Therefore, the RTE is solved for this set of
directions and the integrals over direction are replaced by numerical quadratures, that
is ∫

S

I(x, s) ds =
m∑
i=1

Ii(x)wi (3)

where wi are the quadrature weights associated with the direction si. The choice of
quadrature scheme is arbitrary, although restrictions on the directions si and quadra-
ture weights wi may arise from the idea of preserving symmetry and satisfying certain
conditions. For radiative transfer calculation, the level symmetric quadrature sets SN

developed by Lathrop and Carlson [8] are still the most widely and commonly used
sets. In this quadrature, the direction cosines of the discrete directions (η, µ, ξ) are
arranged on N/2 levels relative to each vertex of the first octant of a unit sphere (see
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Figure 2: Point arrangement for S6 level symmetric quadrature sets.

Figure 2). The order of an SN quadrature represents the number of different direction
cosines for every axis.
The ith equation in the set of m equations takes the form

RTEi (I1, · · · , Im) = (si · ∇+ κ+ σs) Ii(x)− σs

m∑
j=1

wjIj(x)Φi,j − κIb(T ) = 0.

(4)
Since the RTE is a convection-dominant equation, the spatial discretization using

the standard Galerkin FEM appears unstable. The standard Galerkin FEM and the
SUPG-FEM are compared in Figure 3, where the radiative intensity for the direction
s = (0.6815,−0.6815) is shown. The radiative transfer in the unit square medium
is considered without scattering, and the absorption coefficient is non-zero (κ = 10)
only for x + y > 1.6. The inflow boundary condition is prescribed at the left and the
top walls with an intensity of unity.

(a) Standard FEM (b) SUPG-FEM

Figure 3: Radiative intensity with the spurious wiggles for the non-scattering radiative
transfer problem with the inflow boundary condition.

To obtain the SUPG discrete variational formulation, each RTEi (I1, · · · , Im) is
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multiplied by the SPUG test function vh + γsi∇vh and then integrated over the do-
main Ωh. The additional term γsi∇vh adds artificial dissipation but vanishes for all
sufficiently smooth solutions. The suitable stabilizing coefficient γ, obtained by the
numerical experiments, can be expressed as

γ =

√
h2m

4m+ hm(κ+ σs)2 + 4hσs

, (5)

where h is the mesh size and m is number of the discrete directions.
For the reason of easier parallelization and faster matrix assembly, the mixed FEM

is used for solving the RTE. Equation (4) can be reformulated in its equivalent mixed
form, which reads as

S · ∇I +ΦI = κIb(T )1, (6)

where

I =

 I1
...
Im

 , S =

 s1
...
sm

 ,

Φ =


β − σsw1Φ1,1 −σsw2Φ1,2 · · · −σswmΦ1,m

−σsw1Φ2,1 β − σsw2Φ2,2 · · · −σswmΦ2,m
...

... . . . ...
−σsw1Φm,1 −σsw2Φm,2 · · · β − σswmΦm,m

 .

(7)

The mixed SUPG discrete variational formulation consists in finding Ih such that
a(Ih,vh) = b(vh) for all vh from the appropriate vectorial Sobolev space. The
vectorial bilinear functional a and the linear functional b takes the form

a(Ih,vh) =
∫
Ωh

(
S · ∇vh

)T (
−Ih + γS · ∇Ih

)
+
(
ΦIh

)T (
vh + γS · vh

)
dx

+
∫
∂Ωh

(
S · n : H[S·n>0] : I

h
)T

vh dx

b(vh) =
∫
Ωh

(κIb1)
T (

vh + γS · ∇vh
)
dx−

∫
∂Ωh

(
S · n : H[S·n<0] : Iwall

)T
vh dx.

(8)
The linear system assembled by the standard FEM is equivalent to the system assem-
bled by the mixed FEM, i.e. they contain the same number of coefficients and their
values. The difference occurs in the sparsity pattern. The standard FEM matrices
have a block structure, while the mixed FEM matrices are sparse. The matrix struc-
tures arising from both methods with four discrete directions are compared in Figure
4.

5



50 100 150 200 250 300 350 400
nz = 16944

50

100

150

200

250

300

350

400

(a) Standard FEM

50 100 150 200 250 300 350 400
nz = 16944

50

100

150

200

250

300

350

400

(b) Mixed FEM

Figure 4: Sparsity pattern of the standard and mixed FEM.

4 Solving the radiative transfer equation using Schwarz
methods

As a consequence of the FEM-DOM discretization, a linear system of the form AI =
b has to be solved. The assembled matrix A is large, sparse and nonsymmetric. The
resulting linear systems can be efficiently solved using a Krylov subspace method such
as the preconditioned generalized minimal residual method (GMRES). In this paper,
we deal with the class of additive Schwarz preconditioners, which contains parallelism
and is particularly suitable for implementation on parallel computers.

4.1 Classical Schwarz method

For simplicity, consider a unit square computational domain decomposed into N =
M × M rectangular subdomains. Let {Ω̃j} be the non-overlapping partition of the
unknowns. We obtain an overlapping decomposition {Ωj} by extending these sets
with an overlap of width δ = Ch. Let Rj denote the vectorial restriction operator that
returns the vector of coefficients of interior nodes of the desired subdomain Ωj and
Dj the vectorial partition unity operator, which satisfy Id = RT

j DjRi. The classical
restrictive additive one-level Schwarz (RAS) preconditioner is

M−1
RAS =

N∑
j=1

RT
j DjA

−1
j Rj (9)

where Aj = RiART
j . One drawback of the one-level method is that the number of

iterations depends on the number of subdomains. This problem can be fixed by adding
the coarse space with nodes (iH, jH), where H = 1/M . We obtain the two-level RAS
preconditioner by expanding the one-level RAS with the added relation RT

0 (A0)
−1R0,

where R0 is the vectorial interpolation from the coarse to the fine mesh. Another type
of Schwarz method is the hybrid method which is expected to take advantage of both
additive and multiplicative Schwarz methods. The hybrid restrictive additive Schwarz
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preconditioner is given by

M−1
HY,RAS = RT

0A
−1
0 R0 +

(
I −RT

0A
−1
0 R0A

)
M−1

RAS. (10)

4.2 Optimized Schwarz method

The RAS method uses Dirichlet conditions at the interfaces between subdomains. A
major improvement of the RAS method comes from using other interface conditions.
The advantage of these methods is faster convergence and ensuring the convergence
for non-overlapping domain decomposition. The second-order optimized restrictive
additive one-level Schwarz (O2RAS) preconditioner is

M−1
O2RAS =

N∑
j=1

RT
j DjÃ

−1
j Rj. (11)

The optimized subdomain matrices take the form

Ãj = Aj −Mp
Γ +Mq

Γ . (12)

Here Aj are local matrices of the problem and Mp
Γ , Mq

Γ are interface matrices

[Mp
Γ ]j,l =

∫
∂Ωj\∂Ω

 p1ϕ
j
1ϕ

l
1

. . .
pmϕ

j
mϕ

l
m

 dx, (13)

[Mq
Γ ]j,l =

∫
∂Ωj\∂Ω

 q1
∂ϕj

1

∂τ
ϕl
1

. . .

qm
∂ϕj

m

∂τ
ϕl
m

 dx, (14)

where τ is the tangential direction to the interface, p and q are the unknown optimized
parameters. The functions ϕj

i , ϕ
l
i are the basis functions associated with the nodes j,l

in the domain Ωj and the direction i. To obtain optimal performance of the Schwarz
method, we have to solve the min-max problem

min
p,q∈Rm

(
max
0≤k≤π

h

max
(
ρ
(
T −1
1 T2T −1

3 T4

)
, ρ

(
T −1
3 T4T −1

1 T2

)))
, (15)

where

T1 =
[
eλ

+
1 δM+(λ+

1 ,p, q, k)V
+
1 (k), · · · , eλ+

mδM+(λ+
m,p, q, k)V

+
m (k)

]
T2 =

[
eλ

−
1 δM+(λ−

1 ,p, q, k)V
−
1 (k), · · · , eλ−

mδM+(λ−
m,p, q, k)V

−
m (k)

]
T3 =

[
M−(λ−

1 ,p, q, k)V
−
1 (k), · · · ,M−(λ−

m,p, q, k)V
−
m (k)

]
T4 =

[
M−(λ+

1 ,p, q, k)V
+
1 (k), · · · ,M−(λ+

m,p, q, k)V
+
m (k)

]
(16)
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and

M±(λ,p, q, k) = ±λγ

 −s21,1
. . .

−s2m,1

± γki

 s1,1s1,2
. . .

sm,1sm,2



±

 s1,1
. . .

sm,1

± γ

 −s1,1 · · · −sm,1

...
...

−s1,1 · · · −sm,1

Φ+

 kiq1 − p1
. . .

kiqm − pm

 .

(17)
In equation (16), λ+

i and V +
i (or λ−

i and V −
i ) are the eigenvalues with positive real part

(or negative real part) and their corresponding eigenvectors of the quadratic eigenvalue
problem−γ

 s21,1
. . .

s2m,1

λ2 + 2γki

 s1,1s1,2
. . .

sm,1sm,2

λ+

 s1,1
. . .

sm,1

λ

+γ

 −s1,1 · · · −sm,1

...
...

−s1,1 · · · −sm,1

Φλ+Φ+ γk2i

 s21,2
. . .

s2m,2

− ki

 s1,2
. . .

sm,2



+γki

 s1,1 · · · sm,1

...
...

s1,1 · · · sm,1

Φ

V = 0.

(18)

5 Numerical experiments

This section presents numerical results for two-level hybrid versions of RAS and
O2RAS preconditioners. We will look at how the convergence rate depends on the
overlap, the mesh size and the number of subdomains. We consider the unit square
domain and the radiative transfer problem (6) with the opaque and diffuse emitting
walls (εwall = 0.5, Twall = 20K). For our experiments, we concentrated on the fol-
lowing choices of constant coefficient:

• Test problem 1 κ = 5, σs = 10, T = 300K, ϕi,j = 1

• Test problem 2 κ = 0.2, σs = 0.1, T = 300K, ϕi,j = 1

The overlapping subdomain partition is obtained by extending the coarse elements
by adding layers of fine elements. Iteration counts are provided using M−1

HY,RAS and
M−1

HY,O2RAS respectively in the GMRES method without restarts to solve Test prob-
lem 1 and Test problem 2. The iterations are stopped after reducing the Euclidean
norm of the preconditioned residual by a factor 10−6. Iteration counts are shown in
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1/h 32 64 128 32 64 128 32 64 128 32 64 128

Overlap H = 1/2 H = 1/4 H = 1/8 H = 1/16

h 11 13 16 9 12 13 8 9 12 5 8 9

2h 9 10 13 8 8 11 6 7 8 x 6 7

4h 8 9 11 6 8 9 x 5 8 x x 6

8h 6 8 8 x 6 8 x x 6 x x x

Table 1: Iteration counts of GMRES with M−1
HY,RAS preconditioner for solving Test

Problem 1.

1/h 32 64 128 32 64 128 32 64 128 32 64 128

Overlap H = 1/2 H = 1/4 H = 1/8 H = 1/16

h 6 7 8 5 6 8 4 5 6 4 4 5

2h 5 6 7 4 5 6 4 4 4 x 4 4

4h 4 4 5 4 4 5 x 5 5 x x 5

8h 4 4 4 x 4 5 x x 5 x x x

Table 2: Iteration counts of GMRES with M−1
HY,O2RAS preconditioner for solving Test

Problem 1.

Table 1 - 4 as functions of the fine mesh size and the overlap δ, for different partitions.
Entries with the same overlapping factor H

δ
are in the same colour. In both test prob-

lems, Table 2 and Table 4 show that the number of iterations is lower in the GMRES
method with hybrid O2RAS preconditioner compared to the GMRES method with
hybrid RAS preconditioner. The resulting tables 1 and 2 of the Test problem 1 show
that similar iteration counts are found in each diagonal of the tables corresponding to
the same value of H

δ
. This shows that if the overlapping factor is kept constant, iter-

ation counts are independent of the mesh parameters H and h. A different behaviour
occurs in Test problem 2. Table 3 and Table 4 show that the iteration count depends
on H and h for a constant value of the overlapping factor. In Test problem 2, the GM-
RES with hybrid RAS or O2RAS preconditioners performs better when the number
of subdomains is not too large.

6 Conclusion

The FEM-DOM method was briefly described to solve the radiative transfer equation.
The Schwarz-type preconditioners were used to obtain the advantage of parallel com-
putation. The optimized Schwarz preconditioner appears to be more appropriate due
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1/h 32 64 128 32 64 128 32 64 128 32 64 128

Overlap H = 1/2 H = 1/4 H = 1/8 H = 1/16

h 9 10 11 14 17 21 18 23 35 14 25 39

2h 7 7 8 11 13 17 14 18 28 x 20 29

4h 7 7 7 10 11 14 x 16 20 x x 29

8h 6 7 7 x 11 12 x x 20 x x x

Table 3: Iteration counts of GMRES with M−1
HY,RAS preconditioner for solving Test

Problem 2.

1/h 32 64 128 32 64 128 32 64 128 32 64 128

Overlap H = 1/2 H = 1/4 H = 1/8 H = 1/16

h 5 5 7 7 9 11 10 13 22 6 16 24

2h 5 5 5 7 8 8 6 9 19 x 8 17

4h 4 5 5 7 7 8 x 11 12 x x 15

8h 4 5 5 x 6 7 x x 11 x x x

Table 4: Iteration counts of GMRES with M−1
HY,O2RAS preconditioner for solving Test

Problem 2.

to the reduction of the iteration count. The iteration counts of the Schwarz precondi-
tioner were tested for different values of the overlapping factor. For some choices of
the RTE parameters, the iteration counts are independent of the mesh size h and the
subdomain size H for the constant value of the overlapping factor.
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