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Abstract 
 
A co-simulation solution based on direct equilibrium of contact forces is proposed to 
simulate vehicle-track interaction (VTI) dynamics. It is developed in two platforms, 
which presents an iterative feedback loop that exchanges contact force files and 
structure response field in real-time. The load vector acting on the structure is 
described by a moving Gaussian pulse, which approximates the Dirac-delta function. 
Through this approach, system matrices are not exported and the additional 
identification of the correspondence between structure nodes and vehicle positions is 
avoided, which is contrary to the typical scheme in existing co-simulation methods 
for VTI problems. The direct information exchange in the current solution simplifies 
the VTI model development, making it easier for the application in track design and 
maintenance phase. The solution is demonstrated by a general beam model subject to 
a quarter car and has been calibrated and verified by benchmark cases coded in 
MATLAB. The example presented is a baseline model for demonstration purposes. 
And the proposed scheme allows for flexibility in incorporating more complex 
structure configurations and vehicle motions for further study.  
 
Keywords: finite element method, iterative method, railway track design, track 
maintenance, vehicle-track interaction, track geometry irregularities. 
 

1  Introduction 
 
Accurate simulations of dynamic vehicle-track interaction (VTI) are gaining 
importance in both track design and maintenance phase. For new lines, VTI 
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description contributes to the improved track design. It quantifies the increase in 
dynamic amplification caused by factors such as stiffness variation and compares the 
performance of alternative design solutions. By coupling with an optimisation 
framework, which supports a trade-off between different track design parameters, VTI 
simulation contributes further to optimal design solution(s) with given constraints and 
criteria. For existing lines, the conventional ‘inspect-repair’ maintenance strategy is 
increasingly complemented by a ‘monitor-predict-prevent’ regime, where onboard 
measurements provide an indirect tool for infrastructure condition monitoring and 
maintenance planning. This process also requires accurate VTI simulation as vehicle 
responses are analysed to infer track properties and detect potential defects [1]. 

Studies on the VTI dynamics result in various VTI models that vary from a 
simplified analytical beam on elastic foundation to complex numerical models mainly 
developed through the finite element (FE) method [2]. Numerical solutions are often 
developed by self-programmed codes or FE software. The software is more flexible 
for complex structure configurations but is often computationally intensive. To reduce 
the computational time and simplify the structure modelling, some propose a 
combined solution where system matrices are exported from an FE software to a 
programming platform, and equations of motion (EOM) are solved through 
programming. However, as the vehicle position changes with time, the 
correspondence between the structure and vehicle position needs to be defined before 
solving the EOM. This means the structure nodes adjacent to the contact points need 
to be identified, for example, when formulating the overall stiffness matrix [3] and 
modal matrix [2]. 

The current study proposes a co-simulation solution in two platforms: the vehicle 
model is developed in MATLAB and the structure is generated in COMSOL. It 
presents an iterative feedback loop where a contact force file is exported from 
MATLAB to COMSOL; then the response field processed from COMSOL is called 
in MATLAB for updating the force profile. System matrices are not used. The force 
vector is described by a moving Gaussian pulse. It reproduces internal moving loads 
on the structure and the additional node identification process is avoided. The solution 
is demonstrated by a general beam model subject to a quarter car and has been 
calibrated and verified by benchmark cases coded in MATLAB.   

 

2  Methods 
 
The VTI problems are generally defined by two methodologies: one that unifies the 
vehicle and structure and formulates coupled system matrices [4]; the other separates 
the subsystems and EOM are solved by direct equilibrium of contact forces, 
condensation method [5], and variational formulation based on energy principle [6].
 The proposed procedure applies the contact force equilibrium principle as this 
matches the co-simulation idea. The methodology is presented for a bridge subject to 
vehicle vertical motions. The bridge is represented by a Euler-Bernoulli beam. The 
vehicle considers wheel and carbody masses connected by a spring-damper system, 
as shown in Figure 1. The system EOM is written as: 

MvÜv+CvU̇v+KvUv=Fv                                                  (1) 
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                                               MbÜb+CbU̇b+KbUb=Fb                                                  (2) 

where M,	C, and	K represent the mass, damping and stiffness matrices respectively. 
Subscript ‘v’ and ‘b’ represent vehicle and bridge respectively. U denotes the 
displacement vector. F is the load vector. Fb is the force on the bridge and at time step 
𝑖 it is given by: 
               Fb( = (W − MvÜv() × N/(                                               (3) 

where W is the vehicle gravity; N/( is the element shape function distributing the load 
to the corresponding degrees of freedom of the bridge. The location of Fb is 
commonly described by a time-dependent Dirac-delta function 𝛿(𝑥 − 𝑣𝑡). Here for 
numerical solutions the Dirac-delta function is regularised by a Gaussian function as 
follows [7].  

			𝛿(𝑥 − 𝑣𝑡) ≈ 5
6√8

exp <− (=>?@)A

6A
B 							when	𝛼 → 0                             (4) 

The force that the bridge acts on the vehicle is calculated by: 
           Fc = −kJ ∙ [U?M − (UNM + 𝜂)]                                               (5) 

where U?M and UNM respectively represent the displacement of the vehicle and bridge 
at contact point. 𝜂 is the irregularity profile, which is location specific. 

 
Figure 1: Demonstration of the co-simulation scheme. 

As shown in Figure 1, the co-simulation scheme requires an iterative procedure where 
first assuming zero bridge motion,  

1) the vehicle EOM (Equation (1)) is solved in MATLAB by the Newmark-β 
method. The result is a contact force history for all time steps stored in a text 
file (Equation (3));  

2) MATLAB exports the force file to COMSOL; the load position is realised by 
a moving Gaussian pulse and bridge EOM is solved in COMSOL (Equation 
(2&4));  

3) COMSOL exports the bridge displacement profile to MATLAB and solves 
vehicle EOM by combining the profile (Equation (1&5)), resulting in an 
updated contact force history (Equation (3));  
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4) convergence is checked between the updated (Step 3) and previous (Step 1) 
force profiles. Return to Step 2 for a new iteration if the convergence criterion 
is not satisfied. 

 
3  Results 
 
The performance of the co-simulation scheme is analysed by two demonstration 
examples. The first is for model calibration. The parameter values correspond to the 
benchmark case in [1], written in MATLAB. In the second example, for verifying the 
proposed scheme, the calibrated model is employed considering a crack at midspan, 
which causes stiffness loss near the crack, modelled by the approach in [8]. The 
vehicle parameters are also altered and presented in Table 1. 
 

Bridge properties Vehicle properties-
Case 1 

Vehicle properties-
Case 2 

EI = 1.85 × 10YkN/m2 
ρA = 28,035	kg/m 
L = 15	m 

Note: case 2 concerns 
damage level θ = 0.2; 
EI- and ρA-values are 
varied according to [1, 
8]. 

m/ = 17,300	kg 
mJ = 700	kg 
k/ = 400	kN/m 
c/ = 10	kNs/m 
kJ = 1700	kN/m 
v = 25	m/s 

m/ = 17,000	kg 
mJ = 725	kg 
k/ = 20	kN/m 
c/ = 10	kNs/m 
kJ = 1500	kN/m 
v = 25	m/s 

Table 1: Parameter values used in demonstration examples. 

As the contact force profile is retrieved once for all time steps, the correspondence 
between the vehicle and structure needs to be defined at every step. The Newmark-β 
method for solving the vehicle EOM has a time step 0.0005s. The bridge EOM is 
solved by the Generalized-alpha method and the solver is switched to strict time-step 
as 0.0005s. 

The Dirac-delta function is regularised as a Gaussian pulse. As the 𝛼-value 
influences the accuracy and smoothness of the approximation function, the 𝛼-value 
is calibrated by static analysis, which results in 𝛼 = 0.01 given the current time-step 
setting. Figure 2 presents calibration results regarding (a) the bridge midpoint 
displacement history; (b) bridge displacement at contact point; (c) vehicle axle 
accelerations and (d) carbody accelerations.  

The second demonstration model considers a damage level θ = 0.2 at midspan. It 
indicates a crack at location x = 7.5m, which causes stiffness loss corresponding to 
a 20% loss of depth [1, 8]. The influence area is 2.7m long near the midpoint. The 
stiffness reduction in corresponding beam elements is realised in the co-simulation 
and MATLAB programme. Figure 3 compares the results from the two solvers: (a) 
and (b) have a maximum difference of 10.61% and 4.10%, respectively; (c) and (d) 
show that the co-simulation results agree well with those generated from MATLAB.  
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Figure 2: Model calibration: (a) midpoint displacement history; (b) bridge 

displacement at contact point; (c) axle accelerations; and (d) carbody accelerations. 

 
Figure 3: Model validation: (a) midpoint displacement history; (b) bridge 

displacement at contact point; (c) axle accelerations; and (d) carbody accelerations. 

 

(a) (b)

(c) (d)

(a) (b)

(c) (d)
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4  Conclusions and Contributions 
 
The co-simulation approach has flexibility in modelling the supporting structure with 
complex geometry, elements, and material types to solve the VTI problems. It also 
saves computational time compared with the process that only utilises the FE software 
packages [2]. The typical way in the co-simulation approach is to export system 
matrices from the FE software to the programming platform and then perform further 
analysis and postprocessing through programming. However, the structure nodes 
adjacent to the moving vehicle positions need to be identified in the connection 
process. The proposed solution directly exchanges the contact force file and structure 
response field in real-time, where system matrices are not used and the additional node 
identification process is avoided. 

The procedure has been calibrated by a benchmark case coded in MATLAB, which 
properly selects the α-value in the Gaussian pulse and other parameters in the solver 
setting. Then, for model validation the calibrated model is tested for a damaged bridge 
associated with varied system parameter values. The results from the current solution 
are compared with those generated from MATLAB, and a good match has been 
observed. 

The direct information exchange in the current solution simplifies the VTI model 
development, making it easier for the application in the track design and maintenance 
phase. The example presented is a baseline model for demonstration purposes. The 
proposed scheme allows for flexibility in modelling more complex structures with 
advanced structural elements, complex geometry and nonlinear behaviour. Vehicle 
models with more degree of freedoms and additional effects such as loss of contact 
with the structure can also be incorporated for further study. 
 

Acknowledgements 
 
This work was supported by the Chinese Scholarship Council under Grant 
[201907720116]. 
 

References 
 
[1] A. Elhattab, N. Uddin, and E. OBrien, "Drive-by bridge damage monitoring 

using Bridge Displacement Profile Difference," Journal of Civil Structural 
Health Monitoring, vol. 6, no. 5, pp. 839-850, 2016. 

[2] E. Aggestam and J. C. Nielsen, "Simulation of vertical dynamic vehicle–track 
interaction using a three-dimensional slab track model," Engineering 
Structures, vol. 222, p. 110972, 2020. 

[3] L. Wang, Z. Zhu, Y. Bai, Q. Li, P. A. Costa, and Z. Yu, "A fast random 
method for three-dimensional analysis of train-track-soil dynamic interaction," 
Soil Dynamics and Earthquake Engineering, vol. 115, pp. 252-262, 2018. 

[4] H. Xia and N. Zhang, "Dynamic analysis of railway bridge under high-speed 
trains," Computers & Structures, vol. 83, no. 23-24, pp. 1891-1901, 2005. 

[5] Y.-B. Yang, J. Yau, Z. Yao, and Y. Wu, Vehicle-bridge interaction dynamics: 
with applications to high-speed railways. World Scientific, 2004. 



 

7 
 

[6] X. Lei and B. Zhang, "Influence of track stiffness distribution on vehicle and 
track interactions in track transition," Proceedings of the Institution of 
Mechanical Engineers, Part F: Journal of Rail and Rapid Transit, vol. 224, 
no. 6, pp. 592-604, 2010. 

[7] S. Eftekhari, "A differential quadrature procedure with regularization of the 
Dirac-delta function for numerical solution of moving load problem," Latin 
American Journal of Solids and Structures, vol. 12, pp. 1241-1265, 2015. 

[8] J. K. Sinha, M. Friswell, and S. Edwards, "Simplified models for the location 
of cracks in beam structures using measured vibration data," Journal of Sound 
and vibration, vol. 251, no. 1, pp. 13-38, 2002. 

 




