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Abstract

Masonry arch and vault masonry structures, one of the widespread architectural her-
itages in the western and eastern world, have been standing for a long era. Heteroge-
neous limit analysis is a powerful tool for the collapse analysis and structural safety
assessment of these historical structures, which not only can predict the collapse per-
formance of the structures in a quick manner but can consider the real discretization
of the masonry most precisely. This contribution proposes a heterogeneous model for
masonry arches in presence of innovative strengthening (FRP/FRCM). The reinforce-
ment is considered suitably modifying the admissibility conditions of the constitutive
law that governs the behavior of contact joints. First, the force resultants at the inter-
face after the reinforcement is investigated. Based on that, the yield condition and
flow rule in the standard heterogeneous limit analysis formulation are updated. This
approach is applied to solve both associated and non-associated sliding cases. A 9-
block 2D arch with FRP reinforcement is considered to show the implementation of
the theory. The results of the provided example show that when analyzing the arch
with reinforcement, the associated limit analysis may overestimate the ultimate load.
Such overestimation will even increase when the frictional angle drops. Therefore, it
is necessary to employ the non-associated flow rule for an accurate prediction of the
collapse performance of reinforced arches.

Keywords: heterogeneous limit analysis; reinforcement; masonry arch; non-associ-
ated sliding



1 Introduction

Historical arch and vault masonry structures are widely diffused in the western and
eastern world. Those peculiar constructions have been standing for a long era and
many of them have become precious historical and monumental constructions that
deserve to preserve. Thanks to the boom of computational Operational Research, het-
erogeneous limit analysis is becoming one of the standard tools for quickly under-
standing the collapse performance of those historical structures, as well as assessing
their structural safety [1-5]. This powerful tool can precisely take into account the
discrete nature of the masonry structures and can provide the collapse mechanism and
ultimate load of the structures in a quick and reliable manner in a single step. Such
analysis was first proposed by Livesley [6-7] based on the pioneering work of Heyman
[8] and Kooharian [9] and now has been extended to cope with complex collapse
problems by the subsequent researchers [10-15].

To include the effect of innovative strengthening techniques (e.g. FRP/FRCM)
within the frame of heterogeneous limit analysis, a simple modeling approach with a
minor adjustment of the governing equation of the standard limit analysis is proposed
in this contribution. Recent work mostly modeled the reinforcement by introducing
extra elements [16-17]. This strategy is accurate but sometimes cumbersome espe-
cially when extended to 3D problems. This work follows another thought, considering
the strengthening effect by adjusting the failure surface of the contact. Many experi-
mental and numerical studies investigated the failure mechanism of the reinforce-
ment-brick interface and theoretically discussed the change of the failure surface after
the reinforcement [18-19]. Based on these results, the formulation of the updated limit
surface due to the reinforcement is first derived in the current work. The constraint
regarding the constitutive law in the standard associated limit analysis is then re-
formed by suitably adding a spurious cohesion for each reinforced joint. Such “spuri-
ous cohesion” can be analytically calculated based on the material properties of the
reinforcement. Besides, this approach is incorporated with Sequential Linear Pro-
gramming (SLP) procedure [12] to solve non-associated problems with reinforce-
ment, which is seldomly concerned in recent studies.

To illustrate the implementation of the theory, the collapse of a 9-block 2D arch
with FRP reinforcement is analyzed. The effect of the reinforcement is briefly sum-
marized and the results of the collapse employing associated and non-associated flow
rules are then compared. Based on these results, the accuracy and applicability of the
associated formulation are discussed.

2 Methods

To explain how to take into account the strengthening effect, we start by recalling the
formulation of classic heterogeneous limit analysis, known as Lower Bound (LB) and
Upper Bound (UB) theory (1)-(2), respectively. These two formulations can be easily
solved through robust Linear Programming (LP) procedure and are thus popularly
employed in masonry structural analysis.
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Among all the governing equations, this work especially concerns the conditions
regarding the constitutive laws of the contact interfaces, i.e. yield condition and flow
rule. The yield condition enforces the resultant force states at the interface containing
within a limit surface (Figure 1). Any force state that reaches the limit surfaces will
lead to a motion. These possible discontinuous velocities at the interface obey the flow
rule. For associated sliding, the direction of the flow keeps orthogonal to the limit
surface.

(@) (b)

Figure 1: limit surfaces for the interface resultant forces (no reinforcement but with a
small normal cohesion ¢o): (a) m-n limit surfaces; (b) s-n limit surfaces

The above limit surface will be changed due to the presence of the reinforcement.
To illustrate such change, we proceed to consider all the possible forces at a repre-
sentative joint with both-side strengthening (Figure 2).
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Figure 2: interface resultant forces after strengthening and equivalent description

The reinforcement produces tensive forces (F* and F») when the joint separates,
while once the sliding happens, Fg* and Fi» will be applied to the block because of
the peeling. Taking into account these effects, the restriction of the forces at the inter-
face then becomes:
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Constraints (3) can be shaped into a matrix form (4) that is very similar to the yield
condition in (1). A spurious cohesion term ¢m merely needs to be added to consider
the effect of the strengthening. The components of em at a specific interface j are given
in (5), which can be simply derived from the properties of the reinforced material. The
LB/UB associated formulation considering the effect of reinforcement then can be
updated as (6) and (7), respectively.

Nx—c¢y—c,=12 z<0 4)
emb (F o T Faa)sing; 4+ (Filua T F hax ) COS @,
o — Cmj | | (Fimax + Fona)sing; + (F i + F i ) COS @; (5)
" e 2F 5 asinm;
Cni 2F 3 axsinm;
minimize «
subject to Ax=of, +f, ©

Nx—c,,—co=1z
z<0

minimize -fLu+ (¢}, +¢f)p
subject to fiu=1
A"Tu=N"p
p=0

(7

Moreover, such a technique is also applicable for the non-associated case that is
solved by the SLP scheme [12]. This scheme solves the non-associated problem
through a sequence of associated limit analyses. We can similarly add such a cohesion
cm in the associated formulation of each iterative step to consider the strengthening
effect in non-associated problems.

3 Results

To illustrate the implementation of the above formulation, the collapse of a 9-block
2D arch with both-side FRP reinforcement is studied as an example, whose dimension
is shown in Figure 3. Properties of the FRP and the bricks are given in Table 1. The
ultimate forces F, ... and F, ... are derived from the code CNR-DT200 [20] and the
peel strength testing [21], respectively.

The collapse behavior of the reinforced arch is predicted by both associated and

non-associated formulation, solved through LP and SLP procedures, respectively. The
results are compared with those of the arch without strengthening.
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Figure 3: intrados and extrados strengthening scheme

FRP Brick
Thickness #r [mm)] 0.16 | Width/Height/Depth [mm] 500/400/400
Young’s Module Er [GPa] 230 | Compressive strength f, [MPa] 8
F, o [KN] 29.7 | Tensive strength fi. [MPa] 0.8
F, ... [kN] 9.86 | Frictional angle ¢ [°] 30
Table 1: several parameters for the FRP and the bricks
(@) UB:a=42.302kN,c=0MPa, ¢ =30° (b)  SLP,UB:a=42.302 kN, c =0 MPa, ¢ = 30°
LB: ¢ =42.302 kN, c =0 MPa, ¢ = 30° SLP, LB: @ = 42.302 kN, ¢ =0 MPa, @ = 30°
(c) UB:ta=439.000kN, c=0MPa, ¢=30° (d)  SLP,UB:a=359.930 kN, c =0 MPa, ¢ = 30°
LB: ¢ = 439.000 kN, ¢ = 0 MPa, ¢ = 30° SLP, LB: & = 359.930 kN, ¢ = 0 MPa, ¢ = 30°

Figure 4: collapse results of the arch: (a) no reinforcement, associated flow; (b) no
reinforcement, non-associated flow; (c¢) both-side reinforcement, associated flow; (d)
both-side reinforcement, non-associated flow;

According to the result from the associated formulation, the reinforcement will not
change the collapse mechanisms — all of the collapses exhibit a 4-hinge mechanism
(Figure 4a and 4c). While several segments of the thrust line lay exceed the edges of
the arch barrel due to the strengthening (Figure 4c). The improvement of the load



multiplier after FRP strengthening is about 937.8%. In the no-reinforcement case, the
non-associated limit analysis produces consistent collapse results with those from the
associated formulation (Figure 4a and 4b), while the results become different when
engaging the reinforcement (Figure 4c and 4d). In-stead of a standard 4-hinge mech-
anism, the collapse mechanism of the non-associated analysis includes one sliding-
failure joint and one sliding-rotation-mixed joint. The collapse load predicted by the
associated formulation is also 21% higher than that of the non-associated one, indi-
cating that the associated analysis could provide an overestimated result.
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Figure 5: load multiplier vs. frictional angle: associated and non-associated flow

This contribution also investigates the influence of the frictional angle on the dif-
ference in the ultimate load (Figure 5). The curve illustrates that this difference will
significantly in-crease when the frictional angle drops. Therefore, when simulating
the reinforcement effect, employing the non-associated flow rule is necessary to pre-
dict an accurate collapse performance. The associated limit analysis is only recom-
mended if the friction is high enough (¢ > 36°).

4 Conclusions and Contributions

Masonry arch is a widespread structural form adopted in numerous historical build-
ings and infrastructures, both in the eastern and western world. Among all the numer-
ical tools for predicting the collapse behavior of those historical structures, heteroge-
neous limit analysis is one of the powerful alternatives that can precisely take into
account the real bond pattern of the masonry material. This contribution aims to pro-
pose a modeling strategy for including the strengthening effect within the frame of
heterogeneous limit analysis, by simply updating the constraint defining the failure
surface in the standard formulation. To elaborate on the implementation of this ap-
proach, the collapse analysis of a 2D arch with both-side FRP reinforcement,
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employing both associated and non-associated constitutive law, is carried out as an
example. The main conclusion can be drawn as follows:

The collapse mechanism predicted by the associated formulation is the same be-
fore and after the reinforcement. While the presence of the reinforcement makes
several segments of the thrust line exceed the edges of the arch barrel.

The associated limit analysis may predict inaccurate collapse results when ana-
lyzing the arch with reinforcement: not only an overestimated ultimate load but
an incorrect collapse mechanism as well. According to the result solved from the
non-associated formulation, such overestimation could reach 21%, which will
even increase when the frictional angle drops. Therefore, it is suggested to employ
the non-associated flow rule in a general collapse analysis for a more accurate
prediction. The associated limit analysis is only recommended if the friction is
high enough (basically the frictional angle should be greater than 36°).

The results of the provided example indicate that the proposed approach can take
into account the effect of the strengthening to some extent. However, the accuracy
of this model still needs further verification and calibration.
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