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Abstract 
 
Recently, the 2D-MITC4 element has been developed for analysis of 2D solid 
problems. In this paper, we introduce a new formulation of an improved 2D-MITC4 
element. The improved 2D-MITC4 element passes the basic test (isotropy, patch and 
zero energy modes tests) and shows significantly enhanced convergence behavior in 
both regular and distorted meshes. 
 
Keywords: finite element analysis, MITC method, mesh distortion, numerical 
integration, 4-node 2D solid element. 
 

1  Introduction 
 
The mixed interpolation of tensorial components (MITC) method has been 
extensively employed to develop various solid and structural elements [1-8] since it 
was first proposed to reduce transverse shear locking for a 4-node quadrilateral shell 
element [9]. Finite elements based on the MITC method effectively alleviate various 
types of locking without using additional degrees of freedom and do not show 
spurious instabilities in both linear and nonlinear analyses. 
 

Recently, the MITC method was applied to develop the 4-node solid element for 
two-dimensional solid problems [10]. The assumed strain field of the 2D-MITC4 
element is constructed to reduce in-plane shear locking. The element provides highly 
accurate solutions comparable to the incompatible modes element without spurious 
instabilities that incompatible modes element shows [11]. While the element shows 
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almost optimal convergence behavior in regular meshes, its performance deteriorates 
in distorted meshes [12-15]. The goal of this study is to enhance the convergence 
behavior of the 2D-MITC4 element in distorted meshes while preserving the 
promising properties of the MITC method aforementioned. The formulation of the 
improved 2D-MITC4 element is briefly presented. 
 
 

2  Methods 
 

 
Figure 1: A 4-node quadrilateral element in (a) a natural coordinate system and (b) a 

global cartesian coordinate system. 
 
 

Considering the 4-node element in Fig.1, the geometry and displacement of the 
standard 4-node quadrilateral 2D solid element are interpolated by [1,9,10], 
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where ix  and iu are position and displacement vectors of the i th node, respectively, 
and ih  is the bilinear shape function corresponding to the i th node. The shape 
functions are given as 
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In the formulation of the 2D-MITC4 element, the strain components are expressed 

by employing constant base vectors instead of covariant strain components 
( )ˆ ˆˆ i j

ije= ⊗e g g  with 1, 2i = , (5) 

in which ˆ ig  is the contravariant base vector evaluated at the element center.  
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Then, using the tying points (A)-(E) as shown in Fig. 2, the assumed strain field is 
constructed as 

( ) ( ) ( ) ( )( ),
ˆ ˆ ˆ ˆ

2
E A BAS

rr rr rr rr

r s
e e s e e

d
λ

= + − , (6) 

( ) ( ) ( ) ( )( ),
ˆ ˆ ˆ ˆ

2
E C DAS

ss ss ss ss

r s
e e r e e

d
λ

= + − , (7) 

( )ˆ ˆ EAS
rs rse e= , (8) 

in which d  denotes the distance between tying points (A)-(D) and the element center, 
and λ  is the ratio of the determinants of the Jacobian matrices. A new assumed strain 
field is obtained by taking the distance close to the element center. 
 

  
Figure 2: Tying points used for the assumed strain field of the improved 2D-MITC4 

element. 
 

In addition, to enhance the performance of the element, when evaluating the 
stiffness matrix of the improved 2D-MITC4 element, we adjust the positions of 
integration points as follows: 
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in which iζ  and iw  are standard two-point Gauss integration point and the 
corresponding weight, respectively, γ  is the adjusting parameter, '

iζ  is the adjusted 
integration point, and ˆ ig  is the covariant base vectors evaluated at the element center. 
 
3  Results 
 
The improved 2D-MITC4 element passes all basic tests including zero energy mode, 
isotropy and patch tests. To investigate the performance of the improved 2D-MITC4 
element, the clamped square plate is solved as shown in Fig. 3 (a). The plate is 
supported at left edge and is subjected to in-plane moment at the right edge. The plane 
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stress condition is employed with Young’s modulus 1E =  and Poisson’s ratio 
0.3ν = . For the solutions we use distorted meshes with N N×  elements ( 2, 4,8N =

and 16 ) as shown in Fig. 3(b).  
 

 
Figure 3: Clamped square plate: (a) the square plate ( 2L = ) subjected to in-plane 

moment and (b) distorted meshes used. 
 

The relative error is calculated using the reference strain energy obtained by a 
64 64×  mesh of 9-node solid elements. The element size in the convergence curves 
is denoted as 1h N= . Fig. 4 shows the convergence curves with the optimal 
convergence rate. Tables 1 and 2 give the relative errors in horizontal and vertical 
displacements at point A. The results show that the improved 2D-MITC4 element 
provides more accurate solutions than both the standard 4-node solid element and the 
original 2D-MITC4 element. 
 

N Q4 2D-MITC4 Improved 

2 19.12% 7.59% 11.53% 

4 6.92% 3.96% 0.44% 

8 2.28% 1.38% 0.25% 

16 0.78% 0.34% 0.12% 

Table 1: Relative errors in the horizontal displacement ( / 100ref h refu u u− × ) at the 
point A. 

 
4  Conclusions and Contributions 
 
In this paper, the formulation of the improved 2D-MITC4 element was presented for 
the two-dimensional analysis of problems in solid mechanics. Since the stiffness of 
the original 2D-MITC4 element is overestimated when the element is distorted, the 
performance of the element is deteriorated. A simplification of the original 2D-
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MITC4 element is performed and the modified integration rule was proposed to make 
the element insensitive to element distortion. The element passes all basic tests and 
provides the enhanced predictive capability especially in distorted meshes. This 
element could be applicable for improving the membrane behavior of the 4-node plate 
and shell elements. 
 
 

 
Figure 4: Convergence curves for the square plate problem. The bold line denotes 

the optimal convergence rate. 
 
 
 

N Q4 2D-MITC4 Improved 

2 23.29% 6.96% 9.53% 

4 6.08% 2.95% 1.37% 

8 1.93% 1.04% 0.09% 

16 0.83% 0.42% 0.08% 

Table 2: Relative errors in the vertical displacement ( / 100ref h refv v v− × ) at the 
point A. 
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