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Abstract

The nonlinear preconditioning of phase-field based topology optimization problems
is considered in the present work. In this method, the leading order solution of inner
problem corresponding the phase-filed PDE is used as the nonlinear transformation
of phase-field variable. The transformed problem exhibits a similar structure to the
original problem, possibly with higher nonlinearity. The method is applied to the
volume constrained minimum compliance topology optimization problem. Numerical
experiments illustrate the superior performance of this approach compared to non-
preconditioned form of problem. The method is general and easy to implement, and
it can be readily extended to alternative problems.

Keywords: diffuse interface modeling, nonlinear preconditioning, phase-field
modeling, topology optimization.

1 Introduction

Nowadays, structural topology optimization (TO) is a standard method during the
engineering product design cycle [1]. It provides the optimal outline of structure with
minimal input information. In this approach a specific amount of material is
distributed in the spatial domain such that an objective functional, like the structure’s
compliance, is minimized subject to appropriate partial differential equations (PDESs),
such as the linear elasticity equation, and design constraints, like total weight of
material. The pointwise density of material is commonly considered as the design



variable in this method. Considering the variational formulation of minimum
compliance TO [2], there exists an analogy between TO and phase separation with
microelasticity [3]. The phase-field modelling is the most successful theoretical and
computational framework to study phase transition problems [4]. The solution of
topology optimization problems based on phase-field method was introduced in [5].
Later, it has been used to solve single-phase [6] and multi-phase [7] minimum
compliance TO problems. In these methods, the system of PDEs corresponding to H
Lgradient flow of augmented objective functional is solved numerically until the
steady state condition is reached. The final form of PDEs is similar to Cahn-Hilliard
equation with elastic misfit [8]. The Cahn-Hilliard dynamics naturally conserves the
density field and keeps the feasibility of the corresponding volume constraint. The
Cahn-Hilliard dynamics however is extremely slow, and O(10°) iterations is
commonly required to reach a sufficiently mature solution, even using semi-implicit
schemes [7]. Moreover, the solution of corresponding nonlinear forth-order PDE is
computationally expensive. The phase-field based TO by constrained Allen-Cahn
dynamics was introduced in [9] to moderate these limitations. According to [9], this
dynamic is about two orders of magnitude faster than that of the Cahn-Hilliard.
The nonlinear preconditioning of phase-field models, like Cahn-Hilliard and Allen-
Cahn equations, was presented in [10], where the matched asymptotic analysis of
phase-field equations to their sharp interface solution was performed. Then, the
nonlinear transformation of original PDEs was made using the leading order inner
solution. According to [10], this transformation not only increases the convergence
rate, but also permits to use coarser grid to capture the details of solution near the
interface. The success of this method was confirmed by its use in phase-field
modelling of alloy solidification problems [11,12].

The present work aims at applying the nonlinear preconditioning to topology
optimization problems based on phase-field method.

2  Methods

The phase-field formulation of volume constrained TO problem can be stated as
follows (see [2,6,7,9]):
J(d,u) = lj P (C:D(w)): D(w)dx + ij ¢2(1 — p)?dx + gj V|2 dx
2 Jq 4e J, 2 Jy
subject to:
PV (C:D(w)) =0 in Q
u(x) =1(x) on Ty,
pP(C:DW))n=0  on T (1)
dP(C:DW)n=E(x) on T,

fq)dx:mm, 0<¢p<1
Q

where  denotes the spatial domain, I, I and I'; denote the prescribed displacement,
traction-free and prescribed traction boundaries, u and ¢ denote the displacement and
phase fields, € denotes the elasticity tensor, D(u) = %(Vu + (Vu)T), A denotes the

volume fraction of material in Q, p denotes the SIMP penalization parameter, ¢ is
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proportional to the thickness of diffuse interface and the regularization parameter
emphasizes the perimeter penalization term. In the regularized projected steepest
descent algorithm based on Allen-Cahn dynamics, the constrained gradient flow of
the above functional is decomposed into two steps. First, the L2-gradient flow of the
first two terms of objective functional subject to linear elasticity equation, volume
and inequalities constraints is computed. Then, the H!-gradient flow of the last term
of objective functional is computed by solving a linear Helmholtz PDE (see [9]).
Analogous to phase transition model based on Cahn-Larche dynamics, the gradient
flow of this optimization problem includes the following parabolic PDE subject to
homogeneous Neumann boundary condition, together (1):

2= a(£20" =302+ ) - gep - LppP(C:DW):DW) @)
Using the formal method of matched asymptotic, the leading order solution of ¢ in
the inner region has the following explicit form

$o(W) =3 (1 + tanh (5757)) ®3)
where {r denotes the signed distance function to the interface. Thus, following [10],
we can derive the preconditioned form of our two-step gradient flow algorithm by
transforming ¢ in all equations to ¢ = ¢, (). The application of this transformation
to (1) and projection step is straightforward. Applying this transformation to the
second step of gradient flow results in:

Y 1

a0 = Se = o VY @
However, unlike the Helmholtz equation, this PDE is nonlinear. It has two major
drawbacks: its numerical solution is computationally expensive, and it does not
preserve the feasibility of volume and bound constraints during the second step. To
cope with these limitations, we include the second, nonlinear, term of this PDE into
the first step of gradient flow. In fact, the solution algorithm is identical to [9], but an
additional term is included into equation (28) of [9], and we solve the problem for the
regularized signed distance field, . The above mentioned nonlinear transformation
is used to find the density field whenever it is required.

3 Results

We applied the presented algorithm to cantilever beam test case given in [9]. Except
when explicitly mentioned here, the physical and computational parameters are
identical to that of [9]. To avoid the numerical singularity, the value of 107 is
considered for the elastic modulus of void here. Moreover, the SIMP penalization
power is fixed to 3. As a first example, we solve the problem for the void-material
scenario with A = 0.3. Figure 1 shows the variation of compliance with iterations for
non-preconditioned and preconditioned solvers. According to the plots, the
convergence rate of preconditioned solver is better than that of the non-
preconditioned solver and the final value of compliance is smaller than that of the
original algorithm. Figure 2 illustrates the final topology after 300 iterations for this
test case. The next example is identical to test case #29 in [9]. Figure 2 shows the
final topologies after 500 optimisations iterations. The final values of structure’s
compliance are equal to 41.24 and 44.97 for the preconditioned and non-
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preconditioned solvers respectively. According to the plots, the final topology is more
mature in the case of preconditioned solver. According to these results the
convergence rate of preconditioned version of algorithm is better than the original
version. It is worth noticing that the computational overhead of nonlinear
preconditioning in these examples are less than 5 % of the total CPU time. These
observations illustrate the value of presented preconditioning approach to solve
phase-field based topology optimization problems.
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Figure 1: Topology optimization of cantilever beam: variation of compliance with
iteration for single-phase material case for non-preconditioned (left) and nonlinearly
preconditioned (right) phase-field solvers.
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Figure 2: Topology optimization of cantilever beam: single-phase material case (top)
after 300 optimization iterations and three materials case (bottom) after 500
optimization iterations, for non-preconditioned (left) and nonlinearly preconditioned
(right) phase-field solver.

4  Conclusions and Contributions

The nonlinear preconditioning of diffuse interface models introduced in [10] is
applied, for the first time, to phase-field based topology optimization problems. In
this method, the asymptotic analysis of the diffuse interface model based on method
of matched asymptotic is firstly performed. Then, the leading order solution of inner
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problem corresponding the phase-filed PDE is used as the nonlinear transformation
of phase-field variable. The method is general and can be readily applied to different
problems. The transformed problem exhibits a similar structure to the original
problem. It possibly possesses higher nonlinearity in practice. The method is applied
to volume constrained minimum compliance TO based on the regularized projected
steepest descent algorithm. According to numerical experiments in the present work,
the convergence rate of optimization solver can be improved by the application of this
preconditioning approach, while the additional computational overhead is negligible
compared to the total CPU time.

Systematic study on the convergence rate of this method and its grid sensitivity
analysis is suggested as the scope of future works. Moreover, the application of this
approach to alternative problems is recommended. There exist different ways to drive
nonlinearly preconditioned version of the original problem. Further studies on these
issues can be considered as scope of future works too.
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