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Abstract

This paper provides a concise overview of the structure of hierarchical shell finite
elements and presents computational results for various rotational shell structures. The
numerical examples convincingly demonstrate that convergent solutions can be
achieved by employing a sufficient number of hierarchical levels. In these elements,
higher-order polynomials (director functions) are used in the direction perpendicular
to the centerline, while conventional p-version shape functions (field functions) are
applied along the centerline. The displacement field is represented as a sum of
products of the director and field functions. By varying the number of director
functions, different hierarchical levels of approximation are obtained. With
appropriate mesh design and the combined use of the p-version, exponential
convergence rates can be achieved. Furthermore, convergence surfaces enable the
identification of the minimum hierarchical level required to obtain an accurate
solution.

Keywords: finite element method, hierarchical model, shells of revolution, theory of
elasticity, convergence solutions, director and field functions
1 Introduction

In engineering practice, a key objective when formulating mechanical models is to
balance computational efficiency with physical fidelity. That is, one seeks models



with a limited number of unknowns and low computational cost while still capturing
the essential characteristics of real structural behavior. For thin-walled bodies, this
objective can be achieved through dimensional reduction: instead of modeling all
three spatial coordinates, one or two coordinates are used, as is common in beam,
plate, and shell theories.

For beam modeling, the Euler—Bernoulli hypothesis [1] or the Timoshenko theory [2]
is most commonly used. In the case of plates and shells, the commonly used
assumptions include the Kirchhoff-Love [3,7], Reissner—Mindlin [4,5], and Naghdi
[6] hypotheses. Models with higher-order kinematic approximations have also been
developed, such as Reddy’s cubic plate theory [8].

The goals of model development are very different today from those in the classical
period. In the classical period, the goal was to formulate plate and shell problems so
that they could be treated by classical methods—that is, finding analytic solutions to
the governing partial differential equations. Today, the goal is to control model-form
errors using hierarchical sequences of models [9,10].

In these formulations, higher-order polynomials—called director functions—are
employed in the direction perpendicular to the centerline or midsurface, while mapped
polynomials constructed from hierarchic shape functions (field functions) are used on
the centerline or surface. By varying the number of director functions included in the
approximation, a sequence of nested models are obtained.

Many engineering applications involve shells with axisymmetric geometry and
loading conditions. The present study focuses on the development of hierarchical
models for this class of shells.

In our previous work, hierarchical models based on p-version finite elements were
developed for spatial beam structures composed of linear elastic materials [11].
Within the framework of linear elasticity, these models were derived from the
principle of minimum potential energy, with the displacement field approximated as
the product of functions describing the cross-sectional and longitudinal distributions:

u=u(x,y,s) = U(x, »)y(s) = U(x, ) {G(s)q + D(s)a] (1

where U(x,y)is the matrix containing power functions (the director functions)
ordered according to Pascal's triangle, y(s) is the vector containing field functions
approximated usin the p-version of the finite element method. Here, (x,y,s) denotes
the curvilinear coordinate system: the x and y axes coincide with the main axes of the
cross section, and s is the arc length measured along the centerline, G(s),®(s) are
the approximation matrices, q is the generalized nodal displacement vector, and a is
the vector of additional coefficients. Depending on the number of polynomials
included in U(x,y), a model with different hierarchies can be formed. Regarding
beam structures, the work [12] deals with classical and higher-level theories.
Additional references can be found in [11]. Particular emphasis should be placed on
works [13,14] concerning shells and plates. The general principles of hierarchical
modeling are presented in [15].



2 Construction of curved finite elements

In p-version finite element formulations, precise mapping of the geometry of the
modeled bodies is of critical importance. We investigate a finite element defined along
the meridian of a rotationally symmetric body, illustrated in Figure 1, with its first and
third sides being circular. The radii of the circles are #_, and 7, ;. With the following

notations: «, =(a, ,+a,;)/2,a, =(a, ,—, ;)/2, the mapping between the local
curvilinear £,¢ and the global coordinate system r,z is as follows [10]:

- 1+& -4 1+¢

1 1 .
r=(n, > T 5 yeos(a, —éa,),z = (1, 5 Tr, > )sin(e, —éa,;) (2)

te be

Figure 1: Shell element, a) mapping and displacements, b) shell finite element
between 1J nodes

The displacement in the local coordinate system is approximated in the following
form:

u MM
uL=ue§+we§:>uL={W}=ZUM(§)Fm(§), (3)

where U, (&) contains the usual shape functions. The term F, (&) = ({ )mi1 represents

the distribution of the displacement along the thickness of the shell (for convenient
reference, the function F, (&) is briefly characterized by the following notation and

value: ipolt=1). In our calculations, we also use the Legendre polynomials (ipolt=0),
or their combination, the so-called ®(¢’) functions (ipolt=-1) [10]. Depending on the
choice of MM, hierarchical models of different levels are obtained; that is, the
resulting models can reproduce or even exceed the predictive capabilities of various
shell and plate theories. The parameter MM determines the degree of the polynomial
used to approximate the variation through the thickness.

At MM =2 we perform the calculation according to the conditions of Naghdi's shell
theory. Let
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where np is the highest power of the approximating polynomial. Then, instead of
Equation (3), we can write the approximation in terms of nodal displacements and
additional constants. Denote the nodes of the element by /7, J (see Fig. 1b). Thus, the
displacement in the local system of the finite element is

uL=ue§+we§:>uL={u}=A§U,,I(§)Fm(§)=%Fm{[N N ]{ } iN ﬁf}
w m=1 m=1 =

o
1
MM m am
q, A A az
_ m m m m m
=Sierer )™ +[G1 Gr,.. anl]
m=1 q.]
_a”P‘l_

Replacing the summation with matrix multiplications, the total displacement in the
local coordinate system of the examined finite element is

=u,(£.0)=[ GI(£.0) GJ(E.0) ]{ L} G&oHa

(2,2MM) (2.2MM) q; (2,2(mp-1)MM ) (2(np—1)MM 1)
(4MM 1)
u, =u,(£,0)=G"¢.¢) q° + G (£,¢0)a ; (%)

(2,4MM) (AMM 1) (2,2(np-D)MM) (2(np—1)MM 1)

where

G'=G'(£.0)= {Gf(f, $) G, 4)},(1” =lai" " ],

22MM)  (2,2MM)

G,(.0)=

(2,2MM)

N,FON,F, 0 N,F,0 N,F, 0 :..:N,F,,0
0 NJFONF, 0NF, 0NF.50 NFMM

[N, ©F N )N, (VN (O)Fop ] (©)

=[GI(E.0) GLED)nGl ()Gl (6] T

and matrices associated with additional constants

R N,F, 0 NJF, 0 :.:N_F,ON,F, 0
G"7(§,§)= . mzl,...,MM 5
(2.2(mp-1) 0 N,F, 0 NJF, :..: 0 N,E, O N, ,F,
GO =[6/(£9) 6,606,606, (0], (7
(2.2(p-1)MM)
furthermore,
qf,T :|:um:1’wm:1;um:2’Wm:Z;".;um:i’Wm:i;”';um:MM’Wm:MM , ]—)J , (8)



an’ m=1,..., MM,

m
np-1,r> anp—l,z ’:| >
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where
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From the shape functions under Equation (4) it is seen that the first term under
equation (5) describes the linear change of the displacement along the length of the
element. From the approximation under Equation (4) it follows that in the 7 and J

MM "
nodes the displacement u,, =» q;", 1 >J q;" = {u} is provided by the summation,
w
I

m=1

since the effect of the term G (&,¢) ais zero due to the polynomials under Equation

(13). It can be seen that the displacement approximation is formally the same for all
m, the difference is carried by the F,(¢)=(¢)"" term. By increasing the hierarchical
level of MM, the solution for the shell converges towards the 3D solution. According
to the above, our element has two (/ and J) nodes for the displacement approximation,

see Figure 1b. Furthermore, through the internal parameters we can also provide a
higher-order approximation along the length (centerline) of the shell.

Denote the matrix of the transformation between coordinate systems T"“ (from
global to local), 1.e. the displacement in the global system taking into account
TO — (TLG )’1 :

B {U(é, ;)}

= =T (¢, (&)=
lwen | TEONED

(2,2)

T (E.0) GL(M)<TfGTfG,...,TfGTfG> ¢© +G(E0)a¢,
(2,2) (2,4MM) (2,2) (4MM 1)
(4MM AMM)



u,(£,0) =T (£,0)(GHEOT A" +G(£,.0)a) =G7(¢,0)a’ + G,
GT ~GT
GT ~GT
S 8w
qG,T — UmZI,WmZI;Um:2,szz;...;Um:i,Wm:i;...;Um:MM ,Wm:MM , I N J ,
! I

G GT .G G (14)
T T GT e
q = [q1 q, :'a Us;, = T u, ;.

Here T, = <T,LG,..., T/¢ ,...,TJLG,...,TJLG> denotes a quasidiagonal matrix, 7 denotes
MM MM

transpose, T, is calculated at the node circle 1. From the above, it follows that the

number of unknown parameters assigned to an element is:

naone = AMM +2(p—1)MM = (4+2(p-1))MM .

sina cosa

Taking the transformation matrix T (£,¢) = { .
—cosa sinx

} on the midline

r, =0.5(r,_, +1, ;), and taking into account the derivatives by Equation (2) of its
elements (sina =z/r,,cosa =x/r, ), we get the following
sina . =-a, cos(¢, —Sa,), cosa . =+a, sin(a, —{a,),

sina . =0.5b sin(e, —Sat,) / 17, cosa . =0.5b cos(ey, — e, )/ 7, (15)
Since u,(&,8) =T (&, (£,8), its local system derivatives are

oug(£,4) T (£.9) ot ou, (5,¢)
oe | oc u,(,6)+T7(5,9) o

which is concise

T AT T o5
6uG((§, é/) _ g:f qG n %:5 ﬁ, auG(ga é/) _ g:§ qG + %:4 a. (17)
o¢ 8y . 8y e 8w.¢ 8.

&=C. (16)

The first members of the resulting vectors correspond to U, ,U, and the second
members to W, 7, .

The global derivatives are U, =0U /or, U, =0U / 0z can be calculated using the
Jacobian matrix J [7], that is the global derivatives [U, U_ W, W_].

vl [u.] gl ] g h’ h’

, :J—l K4 :J_] le,f qG+ A;/,f al— LTJI qG+ A;/I ﬁ,
_U,Z_ _U!_ _gu,g_ gU,c; huz hUz
W] |, |8 h’ B!

W :J—l W,é _ 7! VTV,é qG+ AVTV,é al— I;Vl qG+ AVTVI A
L7z ] L7 ¢ | 8w | 8. h,, h,,

With the derivatives obtained under Equation (18), the deformation vector for




asysimmetric case [7] can be written in the next form

gy' _U,r ] —h{/] | _ﬁ[T”
e w h?! ﬁT .
= —| = q“+ a=B(£,{)q +B(&,0)a
&, Ulr g, /r gl /r
Vel (UMW, | [hiy+hy | B, +hy, |

19)
For a homogeneous, isotropic material ( £ - Young's modulus, v - Poisson's ratio) the
matrix of material constants is:

[1-v v v 0
o E v 1-v v 0 "
_—(l+v)(l—2v) 1% v 1-v 0 . (20)
0 0 0 1-2v
L 2
The stiffness matrix of the element
K=[ [ (B¢ BEE) DB B(E Q) detd dé dg 1)

-1 -1
On the surface of radius 7, from the pressure of intensity p,

f= j (GO(£,¢ =—1) GO(E,¢ = 1) p°2rr detd . dE (22)

reduced load vector can be calculated. From the equilibrium equation for the
element the parametera can be eliminated at the elementary level in the usual way
[10,17]: K, =K, -K K. K .f  =f -K K f 6 a=K_ K, q° +K_f,.
The elements are coupled with the reduced matrix K, , and the load vector f_, and
then after solving the final system of equations, a is calculated element by element.

Here detd. =7 ,a,, p°’ =p,[cosa sina],r=r_,cosa.

3 Examples of rotational shells

Let us examine the shell structure, siphon, containing flexible, curved elements,
sketched in Figure 2. Elasticity factor: £=210GPa, Poisson's ratio: v =0.3. Load

p, =5.0 MPa internal pressure. By changing the angle ¢, we obtain structures with
different roundness. ¢, =0 corresponds to the structure sketched in Figure 2b.

The paper [17] uses thin-shell theory to enable p-version calculations. Here, we will
perform the calculations with the different hierarchical models (MM =2,...,8 )

described above, or with the ABAQUS or StressCheck program [18,19] using three-



dimensional elements. We will also investigate the effect of the shell wall thickness
on the accuracy of the models.

Alr =187.5,2=250) 'z A(r =187.5,2 = 250)
B(r=0,z=2z,) B BG=0,2=%)
R=B2 R =42 R

Nk R=B2 R =A2

187.5 62.5

5
~
250

0 R, =250

1

5 X
R, =250 = 0 R, =250

a) b) ©)

Figure 2: Diagram underlying the calculation of geometric characteristics belonging
to different o

For different value of the angle ¢, a fixed radius R, has different R,. This is

obtained from simple geometric considerations. We use the fact that the coordinates
of point 2 are the same when calculated from circles 1 and 2, i.e.

r,=Rsina,=r,—R,sing,, z, =z, — R cosa, =z, + R, cose,. From here the unknown

. r .
geometric features R, =—2——-R,, z,=z,+(R,+R,)cosq,. In case of negative ¢,
sina,
r
R=—2—+R,, z;=z,—(R,—R))cosq,.

sing,

We use nel=13 finite elements for the calculations. At z=0, the vertical displacement
is zero. In the adopted approximation, we work with polynomials of degree np=6 in
the longitudinal direction of the elements, while in the transverse direction the
approximation is of degree MM=8. The wall thickness of the shell can be
b=20,25,30,35,40 mm. The total number of unknowns is NEQ = 14*(2*MM), while
the number of internal parameters per element is na = 2*(np-1)*MM. This is 10*MM
in the case of np=6. At the element level, the internal parameters are eliminated and
the algebraic equation system is solved by coupling the obtained reduced stiffness
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Figure 3: Siphons with spherical caps of different roundness. The finite element
distribution contains 13 elements (the lines correspond to the Lobatto integration
lines)



matrices. Knowing the solutions, we calculate the internal parameters as elements and
thus the characteristics of the mechanical stress state associated with the task.
The Figure 3 shows shells with a thickness of 5=40 mm, choosing different ¢, values.

Some of the calculation results are shown in Figure 4.
The volume of the shell structure as a function of ¢, and the wall thickness b is shown

in Figure 4a. The changes in the potential energy and the maximum Mises equivalent
stress can be seen in Figures 4b, c. Figure 4d shows that the maximum of the
equivalent stress on the inner surface reaches its lowest values at 65, 70 degrees at
b=30, 40 in the case of «,>0.

The equivalent stress characteristics of the solutions vary according to the s coordinate
of the shell centerline according to Figure 5 for the points on the inner and outer
surfaces of the shell. The ABAQUS solutions for «, =0 are also shown
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0
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Figure 4: Variation of a) volume, b) potential energy, ¢) maximum equivalent stress
of the siphon ends as a function of ¢, and wall thickness b, d) variation of o, in

Q.
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Construction at o =-90 degree, Equivalent stress, np=6, MM=8
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Figure 5: Distribution of equivalent stress o, , or S, =0, on the inner and

outer surfaces of the shell

In the structure according to Figure 2b, the quality of the solution is demonstrated by
the fact that on the horizontal section of the bottom 0<r<187.5, due to the pressure
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p,,wemusthave o, =—p, . This s the case in Figure 6a. Similarly, on the cylindrical
section 0 <z <250, due to the pressure o, =—p, , see Figure 6b.

The quality of the solution is indicated by the fact that the resultant of o, at the I

nodal circle of element 11 is 867.453 kN, which is barely different from the vertical
resultant of the pressure, 867.472 kN.

o siress o, stress
: 120 T T T
e ; L e
o, (external) ABAQUS ‘- A 100] "~ A g St 2. T
e \ r - .
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N / A °e A
e" 20 ,4 - -~ 0 /‘ Nomm s
! ’ e \ 7
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A ’
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—40 160 260 360 4(‘}0 5(‘}0 600 4800 100 200 300 400 500 600
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Figure 6: o_, 0, stress distribution for the ¢, =0 structure

In the range marked by the two circles in Figures 5, the stresses occur at the torus
rounding. The peak value of the equivalent stress is redirected to the axis of rotation

along the plate section with ¢, = 0” as the wall thickness decreases. In the structure in

Figure 2b, the maximum reduced stress at a wall thickness of »=20 mm is
o, 20,=250MPa, i.e. it exceeds the permissible stress, and the shell enters an

elastic-plastic state, which our current model is no longer suitable for determining.
For shells with a, <0°, the stresses are lower than for the positive «, value.

Therefore, if possible, it is more practical to choose o, <0° variants for sealing the

cylindrical shell. If the tank has to stand at the sealing part, then the lowest equivalent
stresses are achieved at ¢ according to Fig. 4d.

Comparing the structures in Figures 2a, 2b and 2c, it can be stated that the solution
for sealing the shell in Figures 2a and 2c is more favorable than the cylindrical
container closed with a flat bottom.

The convergence of the solution to the structure of Fig. 2¢ (6=30) is shown in Fig. 7.
It is clear from these that the values over np=4 and MM=6 hardly change. Since at =0
the inner surface point of the shell o, =—p =-5MPais the required value, we can

evaluate the error of the obtained solutions compared to the exact solution. At np=4,
MM=6 the error of the deviation is 0.123%, while at np=6, MM=8 it is -0.04%. The
potential energy in the np <5, MM <6 interval remains constant.

12



Figure 7. Convergence surfaces: a) I1, potential energy, b)
S.=0.(r=0,z=238.38).

4 Conclusions

Solving the presented examples with hierarchical models convincingly demonstrated
that convergent solutions can be achieved with a sufficient number of elements and
hierarchical levels. Applying the principle of minimum potential energy enabled the
determination of stress boundary conditions with high accuracy, ensuring global
equilibrium. By choosing variable MM and np in the solution of the problem, the
situations where classical shell theories can still be applied due to the polynomial
order of the approximating fields, or where their application can be considered
ineffective, became clear. Here, the MM provides the basis for deciding whether the
theories are comparable. The rate of change of the thickness displacement, whether
constant, linear, quadratic, etc., provides the answer to this question.

With suitable design of the computer program, it is possible to perform calculations
with different MM values during one run, i.e. to check convergence, and thus decide
whether our solution has the desired accuracy or whether further model improvement
is necessary. The correctness of our developed model is also proven by the fact that
our results have a small difference compared to other finite element (ABAQUS
program using 3D elements) calculations, meaning we can speak of a good
approximation.

Overall, we can say that the proposed hierarchical shell model gives good results with
few unknowns.
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