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Abstract

This paper presents the improvement of the 3-node triangular DKMT18 (2020) and
4-node quadrilateral DKMQ24 (2015) curved shell element by applying pseudo-
normal vectors to the corner vertices, which are then used to obtain the pseudo-
curvatures. The improved DKMT18 and DKMQ24 curved shell element represents
full coupling of membrane-bending in bending strains. The assumed transverse shear
strains are used to avoid shear locking. Both elements pass the patch tests, are locking-
free, have a proper rank, perform well, provide convergent results, and show
significant improvement in the twisted beam and Raasch’s hook problem compared
to the previous version.
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1 Introduction

In structural mechanics, the efficient calculation of thin to moderately thick shell
structures using the finite element method requires reliable and robust elements. These
elements must yield precise solutions for arbitrary shell geometries, consider
membrane effects, coupled membrane-bending for curvatures, and transverse shear
effects.

The Reissner-Naghdi shell theory [1-2] incorporates transverse shear strains and
applies from thin to moderately thick shells. This model separates strains into in-plane



and out-of-plane components, with bending strains expressed as first derivatives of
the displacement, thereby requiring only C° continuity. However, shell elements that
consider transverse shear strains may experience shear locking in thin shells. To
overcome shear locking, the ANS (assumed natural strain) field is applied to out-of-
plane components, in this case, the transverse shear strains. The ANS approach is
adopted in the formulation of DKMT18 [3] and DKMQ24 [4] shell elements. The two
elements perform well in standard benchmark tests except in twisted beam (DKMT18
[3]) and Raasch’s hook problems (DKMT18 [3] and DKMQ24 [4]), in which the
results deviate from the reference.

The primary objective of this study is to improve the triangular DKMT18 [3] and
quadrilateral DKMQ24 [4] shell elements by incorporating pseudo-curvatures to
resolve Raasch’s hook problem. The new DKMT18 and DKMQ24 shell element

features three displacements and three rotational degrees of freedom.

2 Formulation of the improved DKMT18 and DKMQ24 elements

2.1 Geometric description

Figure 1 illustrates the quadrilateral shell element in global coordinates. The
geometric function of the mid-surface (z = 0) is:
x=Xi+Yj+ZKk
n; n; n; (1)
X=YNX;;Y=)N; Y; ; Z=N; Z
i i i
X, Y, and Z are expressed in curvilinear parametric coordinates (§, n). X;, Y;, Z;
are the nodal coordinates at node i, N; are the linear shape functions, and »; is the
number of corner nodes. The covariant vectors a; anda, in Figure | are given by:
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ajand ajare covariant vectors that, in general, are not mutually orthogonal.

a =Xon 2

The unit vectors t,t,,n of the local systems x, y, z are derived from:
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The derivatives of the functions x and y, with respect to  and n, are as follows:

dx _ tl.al tl.a2 dé (4)
dy B t2.a1 tz.az dn



Figure 1: Geometry of triangular and quadrilateral Shell Element.

The inverse of Equation (4) can be expressed as:

{dﬁ}:[hl le}T{dx}
an) | Jj21 Jj2] \dv
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Ji1,j12, j21, and j22 are the terms of the Jacobian inverse.
The dA element is:
dA = ||a1 Xa,y ||a’§a’n (6)

Using the Jacobian inverse, the derivatives of shape functions V; and P, with respect
to x and y:

Nix=Nie+Ninji2 s Niy =Niegj21+Nini2
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2.2 Displacement functions and pseudo-normal vector

The DKMT18 and DKMQ24 shell elements have three translations and three rotations
along the unit vector 1i,j,k , as seen in Figure 2.

The displacement vector at z = 0:

ni Ul
= > Ni(g, Vi 8
u Zl (&m) {W} (8)
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Figure 2: Six DOFs at the corner node and provisional DOF at the mid-side node.

In Figure 3, a pseudo-normal vector n; is shown. The new formulation of

DKMT18 and DKMQ24 uses a pseudo-normal vector n; :<ﬁ X, 7y, ﬁZ,.>at each

corner node i to ensure the continuity of the normal vector across the adjacent
elements.
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Figure 3: Pseudo-normal vector n; and the normal vector of the elements n",n{? .

For the improved DKMT 18 and DKMQ24, the rotation is represented using pseudo-
normal, as follows:
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Ly denotes the length of side k. AB, are the temporary DOFs at node k shown in

Figure 2, and Py are the quadratic shape functions.

2.3 Membrane, pseudo-curvatures, and transverse shear strains

The membrane strains are:

€y tl' u,,
lef=1e, 1= t).u,, (10)
e

Xy tl' ll,y +t2. u,,

t; and t, at an arbitrary point p shown in Figure 1 are given in (3). Substituting

Equation (8) into Equation (10) gives the membrane strain matrix [Bm] as:

{e} =[Bu Nun}

(11)
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The pseudo-curvatures of the improved DKMT18 and DKMQ24 elements are:

Lx ty.n,, t1.B.x
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Substituting Equations (8) and (9) into Equation (12) results in the in-plane bending
strains for the improved DKMT18 and DKMQ24 as follows:

{x} =] By, [{un}+[ Bo, (2) {28y, } (13)
DKMTIS: <A[33n > = <ABS4 ABy, APy, >

DKMQ24:(AB, )= (ABy, ABy, ABg, ABy, )
The kinematic transverse shear strain v, in the s-direction is defined by:

Vs, =0 Usg +tg B (14)
Constant kinematic transverse shear strains y, , as shown in Figure 4, can be
obtained as follows:
1 L
]_(Skza o Vs ds ; k=56,78 (15)

Substituting Equation (14) into Equation (15) and applying it to all sides, we obtain:
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Figure 4: Constant Y5, on side i-j.

The mixed transverse shear strain s, alongside k [3, 4] can be expressed as:

Dy, 2 Dy 12 2 (K
Xsk Ds Bs SS 3 q)k Bsk d)k Ds L% K(I_U)(LIZC] ( )

The factor ¢, is a measure of the effect of transverse shear strains on a plate or

shell structure. In thin-shell cases, the factor ¢, ~ 0, the transverse shear strains are

naturally diminished. This method immediately resolves shear locking, making it its
primary benefit. Imposing Equation (17) on the four sides, the following expression
is obtained:

(s, ) =[4 {25, 19)

By equating Equation (16) and Equation (18), we obtain:
[} + [ {ABs, | =] 45 [{ A8y, } (19)

From Equation (19), the {A can be obtained as follows:
S}’l

{Aﬁsn } - [An]{”n} (20)

To avoid the shear locking, special treatment with ANS (assumed natural strain) is

used as follows [3, 4]:
{X}={Xx}:[3sy}{zsn} 1)
y

Introducing Equation (18) and Equation (20) into Equation (21), we get:



(v} =[BHu} (22)

24 Membrane, bending, and transverse shear stiffness
The membrane stiffness for the DKMT18 and DKMQ24 elements is:

[k ]= j 1" [H,[By]d4
_1 v 0 | (23)
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Substituting Equation (20) into Equation (13), we get the final bending strains:

{X}:[Bb]{”n} [Bb] |:Bb :| [BbAjHAn] (25)

The bending stiffness is:

3 1 v 0 (26)
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The transverse shear stiffness:
[kS]:I[BS]T[HS][BS]dA
A
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2.5 Artificial rotational stiffness and total stiffness

To avoid the singularity problem, we introduce an artificial rotational stiffness related
to the variable 0, :

[ ko, |=1070x D, x \/_J.{Bez }(Bo, ) d4 (28)

(Bo,)=(+ 000 iy N; AyN; iz N; ...i =1,4) (29)

The fictitious stiffness with a rank of 4 eliminates the singularity when the elements
are coplanar. The stiffness matrix for DKMT18 and DKMQ24 is:

(] = [ 1+ [ ]+ [ s ]+ e, | (30)



3 Numerical results

3.1 Twisted beam

The twisted beam problem, introduced by MacNeal and Harder [5], is modelled as a
helicoidal shell clamped at one end and twisted by 90° from point O to point 4, as
illustrated in Figure 5. The modulus of elasticity £ = 29 x10%; Poisson’s ratio = 0.22.
Concentrated loads are applied at point 4 (the free tip centre) in two cases: the first
with Py = 1000 and Pz = 0; and the second with Px= 0 and Pz= 1000. The geometry
at mid surface is given by: X =scos0 ; Y =20 L/ m, Z=ssin0 (-0.5b <5 <+0.5b
and 0 < 0 < w/2). The structure is analysed using Nx6/Nx2 meshes, with N number of

elements along the width.

Figure 5: Twisted beam with N=2 mesh (L = 12; b = 1.1; h = 0.32).

The corresponding values at point 4 are taken from reference [5]: U,er=5.424 and

Wiyer=1.754. The numerical results are presented in Tables 1 and 2.

N DKMTI18 [3] | DKMTI18 DKMQ24 [4] DKMQ24

2 5.408 5.318 5.396 5.396

4 6.084 5.372 5.406 5.406

8 9.953 5.401 5.413 5413

16 25.096 5412 5.415 5415

32 71.614 5415 5416 5416
Ref. MacNeal and Harder [6]: U,r=5.424

Table 1: Uyresults for twisted beam Px = 1000 and Pz = 0.

N DKMTI18[3] | DKMTI8 | DKMQ24[4] | DKMQ24
2 1.488 1.461 1.625 1.625
4 1.814 1.621 1.713 1.713
8 2.953 1.711 1.742 1.742
16 7.522 1.742 1.750 1.750
32 24.395 1.750 1.752 1.752

Ref. MacNeal and Harder [5]: W,r=1.754

Table 2: W results for twisted beam under Px = 0 and Pz = 1000.




The DKMT18 [3] element exhibits divergent behaviour. This contrasts with the
improved DKMT18, which produces accurate results despite also considering shear
strains. The authors believe that the good performance is due to the full coupling of
membrane bending in the curvatures considered in DKMT18 with pseudo-curvatures.
The DKMQ24 [4] and improved DKMQ24 elements yield excellent results that
converge towards the reference solutions.

3.2 The Raasch’s hook

The Raasch’s hook structure [6], with the geometrical structure shown in Figure 6, is
also considered to assess the stability of the improved DKMT18 and DKMQ24
elements. It is a complex case for a shell element, given the intrinsic interaction among
the three deformation modes (bending, extension, and twist). Many shell elements fail
this evaluation and demonstrate divergence in tip displacement, including the previous
version of DKMT18 [3] and DKMQ24 [4]. The Raasch’s hook problem consists of
two joined strips of circular arcs entirely clamped at B and subjected to a load P=1.0
at point 4 applied in the width direction.

Figure 6: Raasch’s Hook problem with 2x12 mesh (b = 20, 7 =2)

Table 3 summarises the vertical displacements at point 4 on the free edge obtained
using Nx6N meshes, 3N elements for the R = 14, 6; = 60° and 3N elements for the
R> =46, 01 = 150°. The modulus of elasticity £ = 3.3x10° and Poisson ratio v = 0.3.
The reference displacement at point 4: W4 = 4.825 for v = 0.3, is obtained from Ko
etal. [7].

NX6N DKMT18 [3] DKMT18 DKMQ24 [4] DKMQ24
2x12 4.285 4.450 4411 4.549
4x24 4.621 4.551 5.025 4.583
8x48 5.312 4.620 6.332 4.654
16x96 7.363 4.719 9.190 4.769
32x192 13.506 4.807 18.347 4.833
Ref. Koetal. [7]: W,=4.825

Table 3: Displacement W, for Raasch’s hook with v = 0.3.

The differences between the improved DKMT 18 element results and the reference
values are 0.37% (N = 32) for v = 0.30. The improved DKMQ24 element closely
matches the reference solution, with only 0.17% difference at N = 32. Conversely,
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the DKMTI18 [3] and DKMQ24 [4] elements exhibit results that deviated from the
reference value.

4 Conclusions and Contributions

A refinement of the previously developed DKMT18 [3] and DKMQ24 [4] has been
proposed based on the Reissner-Naghdi shell model. The improved DKMT18 and
DKMQ24 elements introduce node-wise pseudo-normal vectors to ensure normal
continuity and pseudo-curvatures to compute bending energy more accurately.

A key outcome is the stable performance of the improved DKMT18 and DKMQ24
on the twisted beam and Raasch’s hook problems, on the Raasch’s hook problem.
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