
1 

 

Abstract 
 

Seismic metamaterials have attracted increasing attention as an effective alternative 

to conventional vibration mitigation techniques due to their ability to attenuate elastic 

waves through the formation of frequency band gaps. However, the design and 

optimisation of three-dimensional seismic metamaterials that simultaneously consider 

band-gap performance and construction cost remain insufficiently explored. In order 

to address this gap, this study proposes a systematic multi-objective optimisation 

framework for the design of seismic metamaterial structures, accounting for both 

targeted band-gap characteristics and material usage efficiency. Numerical models 

have been developed to evaluate the vibration attenuation performance of the 

optimised configurations in the frequency domain. The present study investigates the 

effects of key system parameters, including the number of meta-block columns and 

layers, in order to elucidate their influence on wave attenuation behaviour. The 

findings indicate that the optimised metamaterial configurations attain substantial 

reductions in ground vibration in comparison with the reference case, while 

concurrently preserving practical feasibility. The proposed optimization framework 

provides a flexible and effective approach for three-dimensional metamaterial design 

and shows strong potential for applications in structural vibration control and seismic 

protection engineering. 
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1  Introduction 
 

Ground-borne vibrations generated by seismic activity [1], transportation systems [2, 

3], and industrial operations [4, 5] represent a persistent challenge in structural and 

geotechnical engineering, particularly for infrastructure requiring high serviceability 

and long-term durability . In the absence of adequate control measures, such vibrations 

have the potential to induce excessive deformation, accelerate material degradation, 

and ultimately compromise the structural integrity of the structure [6-8]. Whilst 

traditional vibration mitigation methods such as open or filled trenches, cylindrical 

piles, base isolations are efficacious in certain applications, they frequently necessitate 

the incorporation of additional damping or substantial isolation systems, which can be 

challenging to calibrate, expensive to install, and constrained in their capacity to target 

specific frequency ranges. 
 

In this context, seismic metamaterials [9-11] have emerged as a promising 

alternative due to their ability to regulate elastic wave propagation through engineered 

periodicity, leading to the formation of frequency band gaps (FBGs). The exploitation 

of structural configuration as opposed to energy dissipation enables passive, 

frequency-selective vibration attenuation. This offers new possibilities for broadband 

control through rational design. Depending on the strategy of implementation, seismic 

metamaterials are commonly classified as seismic soil metamaterials [12], above-

surface resonators [13], auxetic materials [14], or buried mass resonators [15]. While 

each category exhibits distinct advantages, they are also subject to significant practical 

limitations. Soil-based metamaterials necessitate substantial ground modification and 

are challenging to implement for deep-wave mitigation, whereas above-surface 

resonators require significant spatial requirements and are susceptible to 

environmental influences. Auxetic metamaterials have been demonstrated to exhibit 

distinctive wave attenuation capabilities; however, challenges related to 

manufacturing complexity, durability, and integration with existing structures persist. 

Conversely, buried mass resonators offer a compact and adaptable subterranean 

solution, with enhanced tunability through geometric and material parameters. 

However, many extant designs rely on oversized structures [9], or high damping levels 

[16], resulting in increased cost and limited scalability.  
 

In this regard, the present study proposes a multi-objective optimisation framework 

for the three-dimensional (3D) design of seismic metamaterials with controlled band-

gap properties. The proposed approach integrates parametric modelling, numerical 

simulation, and evolutionary optimisation algorithms to simultaneously maximise 

vibration attenuation and minimise material consumption. A series of numerical 

investigations are conducted with the aim of evaluating the vibration mitigation 

performance of the optimised configurations. Furthermore, the influence of key 

system parameters such as number of columns and number of layers on ground-borne 

wave suppression is examined. The findings demonstrate that the proposed framework 

provides an effective and flexible strategy for the practical optimisation of seismic 

metamaterials, with significant potential for applications in vibration mitigation and 

seismic protection engineering.  
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2  Methods 
 

2.1 Periodic theory 
 

The governing equation of wave propagation in elastic medium can be expressed as 

follow: 
 

𝜇∇2𝒖(𝒓, 𝑡) + (𝜆 + 𝜇)∇∇ ∙ 𝒖(𝒓, 𝑡) = 𝜌
𝜕2𝒖(𝒓, 𝑡)

𝜕𝑡2
 (1) 

 

where 𝒖(𝒓, 𝑡) is the displacement vector of the periodic medium, and 𝜆(𝒓) and 𝜇(𝒓) 

are Lame’s constants of the medium, 𝜌(𝒓) is the mass density of the medium, 𝒓 =
(𝑥, 𝑦, 𝑧)  is the position vector, ∇ is the gradient operator, and 𝑡  is time. The 

arrangement of the periodic meta-barrier structure creates a Floquet-Bloch nature. 

According to the Floquet-Bloch theory [17], the solution from Equation (1) can be 

expressed as follow: 
 

𝒖(𝒓, 𝑡) = 𝑒𝑖(𝒌∙𝒓−𝜔𝑡)𝒖𝒌(𝒓) (2) 

 

where 𝒖𝒌(𝒓) is the displacement modulation function that represents displacement 

amplitude for the corresponding Bloch wavevector 𝒌, 𝜔 is the angular frequency, and 

𝑖 is the imaginary unit. 
 

 

To satisfy the periodicity, the displacement vector 𝒖𝒌(𝒓 + 𝒂), where 𝒂 = 𝑛1𝒂1 +
𝑛2𝒂2 + 𝑛3𝒂3 is the lattice constant vector and 𝒂1, 𝒂2, and 𝒂3 are primitive vectors of 

the Bravais lattice, must have the same amplitude as 𝒖𝒌(𝒓): 
 

𝒖𝒌(𝒓) = 𝒖𝒌(𝒓 + 𝒂) (3) 

 

 

The periodic boundary condition (PBC) can be obtained when substitute Equation 

(3) into Equation (1): 
 

𝒖𝒌(𝒓 + 𝒂, 𝑡) = 𝒖𝒌(𝒓 + 𝒂)𝑒𝑖(𝒌(𝒓+𝒂)−𝜔𝑡) 

= 𝑒𝑖𝒌∙𝒂𝒖𝒌(𝒓)𝑒𝑖(𝒌𝒓−𝜔𝑡) = 𝑒𝑖𝒌∙𝒂𝒖(𝒓, 𝑡) 
(4) 

 

 

The dispersion equation can be transferred into eigenvalue problem when 

combining Equation (1) and Equation (4): 
 

(𝑲(𝒌) − 𝜔2𝑴)𝒖 = 0 (5) 

 

where 𝑲(𝒌) is the stiffness matrix and 𝑴  is the mass matrix of a unit cell. The 

dispersion curves can be obtained by sweeping the wavevector 𝒌 along the boundaries 

R − Μ − Γ − X − M  in the first irreducible Brillouin zone using COMSOL 

Multiphysics [18]. Consequently, FBG can be obtained based on the dispersion 

curves.  
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Figure 1: Configuration and properties of the proposed seismic metamaterial: (a) 3D 

configuration; (b) Vertical section; (c) FBG determination of an example meta-

block. 
 

Material Density  

[kg/m3] 

Young’s modulus  

[MPa] 

Poisson’s ratio  

[-] 

Concrete 2400 3000 0.25 

Rubber 0.6 0.6 0.47 

Table 1: Meta-block material properties. 
 

The configuration of a typical unit cell calling meta-block is displayed in Figure 

1(a) and (b). The cover and the core of the unit cell are assigned with concrete, and 

the material connecting the cover with the core is defined as rubber. The material 

properties of the unit cell components are enumerated in Table 1. For a unit cell with 

𝑎𝑐𝑜𝑣𝑒𝑟 = 1 (𝑚), 𝑡𝑐𝑜𝑣𝑒𝑟 = 0.05 (𝑚), 𝑎𝑐𝑜𝑟𝑒 = 0.6 (𝑚), 𝑎𝑟𝑢𝑏𝑏𝑒𝑟 = 0.25 (𝑚), the FBG 

(grey zone) is defined as the frequency range between 𝑓𝑚𝑖𝑛
𝐹𝐵𝐺 = 7.02 (𝐻𝑧) and 𝑓𝑚𝑎𝑥

𝐹𝐵𝐺 =
9.42 (𝐻𝑧), as determined by the acquisition of the dispersion curves (blue lines). The 

results displayed in Figure 1(c) showing that waves travelling within this frequency 

range cannot transmit through the unit cell.  
 

2.2 Optimization procedure 
 

In this study, a multi-objective optimisation framework is developed to determine the 

optimal configuration of the seismic metamaterial unit cell. The two objectives under 

consideration are as follows: (i) maximization of the targeted frequency band-gap 

(FBG) performance, and (ii) minimization of material usage to ensure practical 

construction feasibility. Five key design variables are selected for optimization, 

including the geometric dimensions and material properties of the meta-block 

components. 

 

Appropriate parameter bounds and practical constraints are imposed to ensure 

realistic and constructible designs. The present study investigates several 

representative target FBG ranges in order to examine the relationship between the 

optimized parameters and the desired band-gap characteristics. The optimization 

 

(a) (b)

Cover

Rubber

acover

acore

arubber

Core

tcover

FBG = 7.02-9.42 Hz

R M X M
Wave number k

F
re

q
u

en
cy

 (
H

z)

Г

(c)



5 

 

process is performed using a genetic algorithm implemented in MATLAB, and the 

Pareto front of optimal solutions is obtained under the defined constraints. 

 

 

 

The influence of individual design parameters on the FBG limits is evaluated 

through parametric studies and nonlinear regression analysis. The findings indicate 

that the cover size and core mass are the most significant factors determining the 

achievable FBG range, while variations in rubber stiffness demonstrate comparatively 

minor effects. It is evident from the observations that empirical relationships can be 

derived in order to establish a link between the optimal design parameters and the 

target FBG characteristics. This facilitates the rapid estimation of unit-cell 

configurations without the necessity of repeated optimisation. 

 

 

 

Figure 2 presents the relationships between the optimised parameters and the 

corresponding FBG limits, while Figure 3 illustrates the regression-based trends used 

to express the optimal design variables as functions of the desired FBG. The findings 

indicate that the proposed optimisation approach offers an effective and systematic 

methodology for designing seismic metamaterials that are tailored to specific 

vibration isolation requirements. 
 

 
 

 

 
 

 

Figure 2: Relationship between the optimized parameters with 𝑓𝑚𝑎𝑥
𝐹𝐵𝐺 and 𝑓𝑚𝑖𝑛

𝐹𝐵𝐺. 
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Figure 3: Nonlinear regression for parameters of the unit cell. 
 

3  Application of the optimized meta-block 
 

3.1 Numerical model 
 

The vibration attenuation performance of the optimized meta-block is evaluated 

through numerical simulation within a representative soil domain. A 3D finite-

element model is developed in COMSOL Multiphysics to simulate the propagation of 

elastic waves in soil with an embedded meta-block system (meta-barrier). The soil 

medium is modelled as a homogeneous elastic continuum with material properties 

defined as follows: density 𝜌𝑠𝑜𝑖𝑙  = 2000 kg/m3, Young's modulus 𝐸𝑠𝑜𝑖𝑙  = 54 MPa, 

Poisson's ratio 𝜇  = 0.35, and shear wave velocity 𝑉𝑠  = 100 m/s. Based on these 

parameters, the Rayleigh wave velocity is calculated to be 𝑉𝑅 = 93.4 m/s. For the 

selected target frequency of 3 Hz, the corresponding Rayleigh wavelength is 

determined as 𝜆𝑅 = 31.13 m is selected. Appropriate boundary conditions are applied 

to ensure accurate wave propagation within the model. Roller boundary conditions 

are imposed on the left side of the domain, while periodic boundary conditions are 

assigned to the front and back planes to represent an infinite extent in the transverse 

direction. To suppress artificial reflections from model boundaries, perfectly matched 
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layers (PMLs) with a thickness of 𝜆𝑅/2 are implemented along the right side and 

bottom of the domain. The out-of-plane thickness of the model is defined as 𝑎𝑐𝑜𝑣𝑒𝑟 

and additional geometric parameters are illustrated in Figure 4. Excitation is 

introduced in the form of a harmonic vertical displacement with unit amplitude 𝑢𝑧 =
1 𝑚 applied along an edge line on the right side of the model. The SMS is positioned 

at a distance of 2𝜆𝑅 from the excitation source. To quantify the vibration isolation 

performance, a monitoring region with area  𝑆 = 𝑎𝑐𝑜𝑣𝑒𝑟·𝜆𝑅 is defined downstream of 

the meta-barrier. The attenuation efficiency is evaluated using a transfer function 

(TF), expressed as:  
 

𝑇𝐹 = 20𝑙𝑜𝑔10

𝑍1
̅̅ ̅

𝑍0
̅̅ ̅

(𝑑𝐵) (10) 

 

where 𝑍0
̅̅ ̅  and 𝑍1

̅̅ ̅  represent the average vertical displacement amplitude over the 

surface 𝑆 in case of without SMS and with SMS, respectively.  
 

 

Figure 4: 3D numerical model with embed meta-block system.  
 

3.2 Results 
 

As demonstrated in Figure 5, the proposed meta-barrier generates a clear frequency 

band gap between 3–5.66 Hz, resulting in effective attenuation of ground-borne 
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vibrations. The incorporation of the meta-barrier results in a reduction of peak 

amplitudes within the target band by more than 50%. The transfer-function spectra 

provide further confirmation of this trend, with attenuation levels exceeding 15–20 

dB. The augmentation of columns has been demonstrated to enhance performance by 

extending the interaction length and enhancing cumulative scattering. However, the 

benefit appears to saturate at approximately 25 columns. Conversely, increasing the 

number of layers offers only marginal enhancement due to predominantly horizontal 

wave propagation, while concurrently escalating construction cost and complexity 

(Figure 6). Localised amplification has been observed in small arrays, and this 

phenomenon has been attributed to finite-size resonance effects. However, these 

effects are effectively suppressed in larger configurations. The results obtained 

demonstrate that the meta-barrier provides selective and efficient vibration mitigation 

within the designed band gap.  
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 

 

 
 

 

Figure 5: Effects of increasing number of columns of meta-block: (a) Vertical 

displacement amplitude; (b) Transfer function.  
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Figure 6: Effects of increasing number of layers of meta-block: (a) Vertical 

displacement amplitude; (b) Transfer function.  
 
 

 

 
 

 

 
 

 

 
 

As illustrated in Figure 7, the vertical displacement contours are presented at 

varying excitation frequencies, thereby demonstrating the contrasting wave-

propagation behaviour observed between the reference model and the meta-barrier 

configurations (30×5 and 5×30). In the absence of the meta-barrier, surface waves 

propagate with minimal distortion and no attenuation within the 3–5.66 Hz band-gap 

range. Conversely, both configurations manifest evident vibration suppression within 

this frequency range, as wave energy becomes concentrated near the source or 

dispersed within the meta-block array, leading to diminished transmission. 

Attenuation demonstrates marked frequency dependence, exhibiting limited efficacy 

at low frequencies (1–2 Hz) due to wavelengths exceeding the structural dimensions. 

Conversely, within the band gap, the synergistic effect of local resonance and periodic 

scattering gives rise to destructive interference and substantial suppression. The 30×5 

configuration has been demonstrated to achieve superior performance due to its longer 

horizontal interaction length, which has been shown to enhance cumulative scattering 

and phase mismatch. The findings suggest that the efficacy of the proposed meta-

barrier can be customised through geometric configuration. In scenarios where 

horizontal space is constrained, augmenting the number of vertical layers presents a 

pragmatic, albeit cost-dependent, solution for achieving attenuation within the 

designated band gap. 
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Figure 7: Contour of vertical displacement in different cases. 
 

4  Conclusions and Contributions 
 

A systematic multi-objective optimisation framework for the design of 3D seismic 

metamaterials has been developed, enabling simultaneous consideration of frequency 

band-gap performance and material usage efficiency. The proposed approach 

integrates parametric modelling, numerical simulation, and evolutionary optimisation 

to determine optimal meta-block configurations that achieve effective vibration 

attenuation with practical construction cost. The optimisation strategy successfully 

identifies structural layouts that maximise attenuation within target frequency ranges 

while minimising material consumption. The optimised designs demonstrate clear 

improvements in band-gap characteristics and enhanced vibration mitigation 

compared with non-optimised configurations. 
 

The metamaterial configurations obtained in this study have been optimised for 

practical engineering implementation, with the potential to provide cost-effective and 

constructible solutions for ground vibration control. The findings of the present study 

demonstrate that a rational adjustment of key geometric parameters, such as the 

number of columns and layers, enables tailored performance without excessive 

material use. These findings underscore the viability of leveraging optimization-

driven design in the context of seismic metamaterials for the purpose of safeguarding 

real-world infrastructure. Subsequent endeavours will centre on the augmentation of 

the framework to encompass larger-scale and more intricate soil–structure interaction 
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problems, the enhancement of computational efficiency, and the exploration of a more 

extensive range of applications in seismic isolation and vibration mitigation systems. 

The proposed methodology offers a promising pathway towards the practical and 

intelligent design of next-generation seismic metamaterials. 
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