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Abstract

A local analysis of nonlinear elastomers steadily sliding over rough surfaces at scales
ranging from millimeters to micrometers is presently mostly restricted to materials in
small strains governed by linear constitutive laws. Our goal herein is to extend this
local approach in order to be able to handle large deformation and nonlinear viscoelas-
tic constitutive laws. The basic constitutive model to be used for this purpose is fully
incompressible and enters in the general class of parallel network models. It will be
calibrated on available experimental data, using a minimal number of branches which
is cost efficient compared to certain industrial models using dozen of branches. More-
over, it couples the different time scales, as might occur due to the evolution of the
underlying microstructure, which cannot be done by the standard multi-branch mod-
els. We will then illustrate how this model can be used in large deformation first as a
post treatment quantitatively evaluating the potential inaccuracies of the linear model,
and second as the main constituent of a full nonlinear analysis of the problem.

Keywords: contact mechanics, viscoelastic materials, ground modeling, sliding, elas-
tomers, multi-scale.



Figure 1: An example of a FE mesh for a time dependent direct contact simulation
using a fully nonlinear viscoelastic model. Taken from [7]

1 Introduction

Predicting the tangential forces generated by the relative sliding of a tire on a rough
road surface is challenging, because of the complex geometry of the tire pattern, the
multiplicity of the geometric scales defining the road surface, and the complexity of
the viscoelastic response of the constitutive material. Direct simulation can be per-
formed at a macroscopic scale to handle the combined effect of the pattern’s geom-
etry, its large deformation and the nonlinear viscoelastic response of the constitutive
material. They can also be compared as in [7] to various experimental results (Fig. 1).

But such approaches are presently restricted to problems with smooth obstacles and
fail to handle the complexity of surface roughness down to the micrometer scale. The
main strategy for handling these small scales introduce a model local problem which
keeps the geometric complexity of the rough soil surface, but simplifies the problem by
assuming small strains, treating the constitutive material as linear viscoelastic and the
geometry of the contact region as a half-space; see, e.g., [2,17,21,22,24]. Citing [7],
although this approach provides a computationally accessible methodology to estimate
complex contact interactions, it is centered by construction on the assumptions of
small strains and linear constitutive behavior, which are most often not satisfied in
practice. We can see on Fig. 2 how the prediction of the contact interaction can be
impacted by using nonlinear constitutive laws.

Our goal herein is to extend this local approach in order to be able to handle large
deformation and nonlinear viscoelastic constitutive laws. The basic constitutive model
to be used for this purpose is fully incompressible and enters in the general class
of parallel network models as reviewed in [9] and introduced early in [16]. It will
calibrated on available experimental data. It uses a minimal number of branches which
is cost efficient compared to certain industrial models using a dozen of branches [12,
18]. Moreover, it couples the different time scales, as might occur due to the evolution
of the underlying microstructure, which cannot be done by the standard multi-branch



Figure 2: Contour plot of the predicted displacement component in the Z direction (bottom-
eye view) at the specimen lower face-angular position during a rotating sliding
experiment over smooth lubricated obstacles. The results pertain to the simulation
based on the viscoelastic model respectively with linear (left) and nonlinear (right)
viscosity. Taken from [7]

models. The preliminary tests of [7] did indicate the potential advantage of such a
coupling, but it constitutes a challenge in the construction and solution of a relevant
contact problem at small scale, since the nonlinearity forbids any a priori elimination
of the internal displacement field.

The paper will be organized as follows. Section 2 reviews the classical linear model
used for small scale contact [3,20]. The next section describes and calibrates a relevant
nonlinear viscoelastic constitutive law which has the potential of coupling different
time scales. Section 4 explains how the classical model can be updated to handle this
multiscale constitutive law and the potential large deformation of the polymer. We
will first illustrate how this nonlinear model in large deformation can be used as a post
treatment for evaluating the potential inaccuracies of the linear model. The remaining
problem will then be to develop an efficient nonlinear solver and to properly couple
such local problems to a full field macroscopic simulation.

2 The classical linear local model of an elastomer slid-
ing over a rough surface

2.1 Description of the local problem

In a classical approach [17], [20], the friction law is obtained by considering a semi
infinite horizontal slab of viscoelastic elastomer sliding at a constant velocity V =
Ve, over a rough periodic soil of elevation

z = h(:p) y) = Z hnm€2i“(”m/Lz+my/Ly)'
‘n7m|Snmtzx

The soil is often assumed to be fractal meaning that the high frequency amplitude
of the soil oscillation follows a power law |h,,,,,| = L(L|n,m|)~®, where |n,m| =



27r\/ n?/L2 4+ m?/L2 denotes the associated spatial frequency and where the fractal

exponent « and the cut off frequency n,,,,, are given descriptors of the soil [13], [17],
to be used in the construction of this Fourier series [13], [24]. The slab is supposed
to penetrate of a given distance 6z with respect to the highest point h,,,,, of the soil,
through the imposition of an unknown pressure py applied at infinity. A frictionless
contact is assumed between the soil and the elastomer.

2.2 Constitutive assumptions and fundamental solution

The material is supposed to be istropic, incompressible and linearly viscoelastic with
a viscoelastic shear modulus given in the frequency domain by a given complex func-
tion G(w). In soil related coordinates z = X, — V¢, (X,, denoting the material
coordinates), the solution is supposed to be in small strains, periodic and steady (no
explicit dependence on time). Moreover, it is assumed that at first order the soil reac-
tion will be mainly vertical & - n = p(x,y)e, reducing the contact conditions to be
satisfied at each point (x, y, 0) of the lower surface z = 0 to

uz Z h_hmax+527p2O?(uz_h+hma$_6z)pzo

Under these assumptions, the solution of the problem is classically given in Fourier
form [20] by

p=po+ Z pnm62i7r(nx/Lz+my/Ly)—|n,m|z
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The other components of displacement and the deviatoric part of the stress have similar
expressions while vanishing at z = 0 and at infinity.

The unknown coefficients py and p,,, are obtained by solving the above contact
conditions by an active set strategy. The idea is to guess the surface of contact. Once
this surface given, we solve the linear problem of finding the point wise pressure in
the surface of contact generating a local displacement v, = h — A4, + 02 bringing
the slab onto this surface, where u, is to be given by the above Fourier series. A
direct solver can be used there since the corresponding matrix is the restriction on the
active set of the transfer matrix p(x,y,0) — wu,(x,y,0) to be computed line by line
by Fast Fourier Transform. p(z,y,0) — pum (FFT) ppm — U, (local multiplication)
Upm — U,(z,y,0) (inverse FFT). Then, the active set is corrected by removing the
points where the pressure is negative and adding the points where the displacement
violates the non interpenetration condition. A matrix free method can also be used

([3D.



2.3 Post treatment of the friction coefficient

The macroscopic friction force is obtained by observing that the pressure used in the
solution process is vertical and hence not normal to the soil surface. A correcting term
must be added. It assumes that the pressure obtained above is only the vertical compo-
nent p, of the real reaction force density which is applied normally to the soil surface
when assuming a local frictionless contact. There must therefore be an horizontal part
of the reaction force density p, = p, tan # with 6 the angle of the soil surface with the
vertical in the plane (z, z). But since the body is in contact with the soil, this tangent
is also the slope of the deformed configuration of the elastomer, which yields [8]

Pz :pz%-

Once integrated and averaged over the space period, we get the classical formula [19]
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This is the formula of [17] but to be used with the numerically obtained Fourier coef-
ficients p,.,.

2.4 Discussion

This approach predicts the normal pressure py and the friction force density 77, which
must be imposed at a macroscopic scale in order to achieve a given penetration at a
given sliding velocity. In practice, it does produce nice qualitative results (Fig. 3) and
seems to be rather predictive.
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Figure 3: A typical output of a linear model prediction. The top curve represents the bottom
surface of the solid, the middle curve the soil surface and the blue bottom one the
pressure distribution. In this 2D simple case run with a space period Ly = 10cm, a
velocity V' = 1 cm/s, a soil cut off wave length of 0.1 mm, a highest soil elevation
hmaz = 1cm, an imposed penetration 6z = 8 mm, that is eighty percent of the
maximal elevation, we have used 6000 spatial points for the space discretization,
that is at minimum 60 points per soil wavelength. The storage coefficient G’ did
vary from 1.6 Mpa at 0.1 Hz to a maximal value of 3 MPa at 100 Hz, while the loss
modulus did vary from 0.5 MPa to 1.9 MPa. The active set strategy did converge
in 54 iterations, predicting a normal pressure and horizontal friction respectively of
28.53 kPa and 8.36 kPa, yielding a friction coefficient close to ;1 = 0.3.



Nevertheless, in the context of large deformation and of nonlinear viscoelastic ma-
terials, there are a few assumptions which are questionable and therefore should be
challenged in a more general framework : (i) it uses a linear, frequency dependent,
isotropic relations between the strain tensor and the Cauchy stress, (i) it uses the lin-
earized strain tensor in the construction of the analytical solution, hence assuming
small strains, (iii) it assumes that the horizontal component of the reaction force does
not influence the steady state equilibrium of the the structure.

3 Introduction and calibration of a generic nonlinear
constitutive model

3.1 Reference model

To go further, we will use herein an incompressible nonlinear viscoelastic model, be-
longing to the class of parallel network models as reviewed in [9] and introduced
early in [16]. In addition of the internal pressure p; ensuring the incompressibility
constraint, it use three components : i) a nonlinear hyperelastic branch -z, to be fit-
ted on multistep relaxation tests (MSR), (ii) a single nonlinear viscoelastic branch -,
based on a standard multiplicative decomposition of the deformation gradient, with
a viscosity constructed as a nonlinear function of the viscous deformation rate and
amplitude, (iii) a linear viscoelastic branch -y with constant viscosity and stiffness,
fitted so that to recover the results of the DMA tests at 100Hz.

The Cauchy stress tensor is therefore given by
0 =0p;+ Ty + Tgr —puld,

with an evolution of the viscous deformations C,, and C g of the viscoelastic branches
governed by

d, =01y, dur=ngTur. (1)

As usual in presence of a multiplicative splitting, the viscous strain rate in the present

configuration is given by d,, = \/ Cq(fl)CU \/ C\ ™ with a similar expression for dg .
For simplicity, the model will be used with a free energy function only depending on
the first invariants of the dilatation tensors [; = Tr(C) = Tr(B) and I§ = Tr(C,) =
Tr(B.) yielding

B L\ (1) I
Trg = “((5) “( 10 +1+d11+>) B, @
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T, = m<§1) dev (B,), (3)




relating the Cauchy stress tensor to the Finger tensors B = FF? and B, = FC{VFT.
A correction term in ;7 = is added to the elastic energy to improve the fitting of the
long term elastic modulus. Many other choices can be used there. In any case, the
present work does not focus on this equilibrium branch, but on the impact of the
nonlinear viscous laws proposed in [7] or in [1] n = nen®(J*)n* (I}) to be identified
as a nonlinear function of viscous deformation /7 and viscous deformation rate J*.
Observe that such a nonlinearity introduces a coupling between different time scales.
Such models base their measure of the viscous deformation rate on the creep flow rule
by adimensioning the inelastic deviatoric Kirchhoff stress

. 1
7=l

Herein, we use a combination of the choices introduced respectively in [7] and in [1]
1+ go (ki J*)?P ( B
- 14k (/173 - 1 ) ,
T="o 1+ (k,J*)25 +k(VIY/ )

with ¢o < 1 combining a shear thinning effect at large deformation rate J* and a shear
thickening at large amplitude 7 /3.

3.2 Calibration strategy

The 13 constitutive coefficients of our model fall in four categories :

(i) four coefficients describe the equilibrium branch, namely the reference elastic
shear modulus p, the negative exponent o controlling the softening at moderate ex-
tensions, and the adimensional corrector terms ¢ and d to induce stiffening at larger
extensions. The elastic shear modulus is obtained in a small amplitude extension test,
the exponent « , and correctors ¢ and d are obtained through a least square fitting of
the equilibrium stresses observed in a multistep relaxation test;

(i1) four coefficients control the dynamic over-stress and creep at small amplitude,
which are the viscoelastic shear modulus m, the reference viscosity 7y (or equivalently
the reference relaxation time 7y = 19/m), the scaling factor k, defining the lower limit
of the nonlinear regime in terms of the deformation rate, and the exponent 35 of the
power law used in this regime to introduce a reduction of viscosity at large deforma-
tion rates. The last coefficient ¢, entering the viscosity law 7 (J*) of [7] introduces a
lower bound for viscosity at high deformation rates, but its physical impact is limited
due to the presence of the high frequency branch. It is essentially a regularization
factor to be set to a very small value for numerical purposes. These coefficients are
obtained by least square fitting of the storage and loss moduli measured at three refer-
ence frequencies and at a reference amplitude of v = 0.1. The predicted values of the
storage and loss moduli at frequency j are obtained from the Fourier transform of the
stress signal as computed by the proposed model during a stabilized cycle;

(iii) three coefficients characterize the shear thickening expected at large amplitude,
namely the negative exponent a controlling the softening of the viscoelastic stiffness



at moderate extensions, the scaling factor k; defining the lower limit of the nonlinear
regime in terms of the deformation amplitude, and the exponent (3; of the power law
used in this regime to describe the increase of viscosity with the deformation ampli-
tude. These coefficients are obtained by a least square fitting of the time history of
the stresses as observed in a multistep relaxation test (MSR) and in an uniaxial load-
ing/unloading test (CD), least square fitting which also allows to update the reference
relaxation time 79. In [7], the power law is replaced by an homographic expression
introducing an upper bound ¢; in terms of viscosity, but in practice, this variant does
not improve the quality of our predictions;

(iv) two coefficients are associated to the high frequency branch, namely a constant
viscoelastic stiffness mypr and a constant viscosity ngr = myp7Tyr. They are spec-
ified by fitting the results of the DMA test at 100 Hz. Other linear branches can be
added with even lower time scales if needed.

w=0.7MPa a=-7 c=1.09 d=0.734
m = 2.06MPa | 1o =8.5s | mgr =56MPa | Tgyp = 4.8E — 4s
a=—1.7 ke = 23.2 Bo = 3.13 ki = 58.7 61 =1.16

Table 1: Constitutive coefficients obtained by fitting available experimental results [7]

3.3 Prediction results on standard tests

The results of this calibration procedure as applied to the reference model are dis-
played in Figure 4 and Figure 5.
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Figure 4: Prediction of the reference optimized model on the fitting tests. The upper figure
displays in blue the stress vs shear curve as predicted at 0.1 Hz, compared to the
results (in black) of the corresponding linear model using the experimental values of
the storage and loss modulus, the bottom curve display the time history of the stress
as predicted by the model (in blue) and as observed (in black) for the multistep
relaxation step (MSR). Observe that the nonlinear viscous law does induce a non
elliptical response at low frequency in the dynamic test.
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Figure 5: Detailed comparison of the predicted and observed results for the CD test. Pre-
dicted values in blue and experimental values in black. The top figure displays the
time history of the axial engineering stress. The bottom curve display the same
engineering stress as function of the elongation in the CD test. The global results
are quite satisfactory, but the predicted model may present rather abrupt change
of slopes when the nonlinearity is triggered, which are not observed in the exper-
imental tests. Observe also an excess of viscosity in the predicted model at low
deformation rate.

To understand the impact of the nonlinearity and the associated time scale cou-
pling, Table 2 display the (four orders of magnitude) range of variations of the inverse
viscosity and of its arguments as predicted by the optimized model in the different
experiments. The two last columns display the difference between the experimental
and predicted storage and loss modulus at difference frequencies. As stated earlier, at
low frequency with this single nonlinear branch, the model underestimates the storage
modulus and overestimates the loss modulus, while the predictions are much more
accurate at high frequencies.

v
minn~1! maxn ! max(Jx) max (| ITI —-1) 5G’ 8G”

0.1Hz 1.11E — 01 7.55E — 01 3.18E — 01 8.84FE — 04 3.40FE — 01 —1.96 E — 01
1Hz 1.14FE — 01 5.17 4.42FE — 01 5.34FE — 04 1.38F — 01 —1.59FE — 01
10H z 1.16E — 01 3.09F + 01 5.91FE — 01 2.54FE — 04 2.90FE — 02 1.23FE — 02
100H z 1.17E — 01 1.14F 4 02 7.32E — 01 5.17E — 05 —7.7T4FE — 04 —5.87E — 04

CD 3.31E — 03 4.71 6.35FE — 01 3.68E — 01

MSR 4.47FE — 03 5.25 6.20FE — 01 2.72E — 01

Table 2: Range of inverse viscosity, a-dimensional deformation rate, viscous exten-
sion as predicted in the different tests with the calibrated reference model.
The two last columns display the difference between the experimental and
predicted storage and loss modulus at difference frequencies. At low fre-
quency, with this single nonlinear branch, the model underestimates the stor-
age modulus and overestimates the loss modulus, while the predictions are
much more accurate at high frequencies.
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3.4 Potentialities and limits of the model

Although quite efficient, the fitting is not optimal at two levels. First, when trying
to cover three order of magnitude of frequencies with a single nonlinear branch, the
low frequency prediction (at 0.1 Hz) is too low for the stiffness modulus G* (1,41
MPa instead of 1,7 MPa) and too high for the loss modulus G” (0, 74 MPa instead of
0,56 MPa). Moreover, although the global history of the stress is well predicted, the
detailed comparison of the predicted and observed results for the CD test displayed in
Figure 5 shows that the reduction of relaxation time is too sharp when transiting from
a small deformation rate (as encountered in the peak of elongations) to a larger one,
which induces rather abrupt changes of slope in the stress evolution. The results are
similar when one using the model of [1], with an additional drawback of the latter.
In the MSR test, the power law of the Bergstrom model forbids any relaxation at low
deformation rate, freezing the sample in an unphysical unrelaxed state.

Our calibration ignored Payne effects, using a single amplitude in the dynamic
shear tests and calibrating the strain amplitude effect on uniaxial tests run at large
elongations, and therefore removing any potential sensitivity of the nonlinear viscosity
at small amplitudes. The optimized model is sensitive to the amplitude of the dynamic
shear test used for calibration, but changing the amplitude in the calibration had a
rather limited impact, and is unable to predict the proper variations of the storage
and loss moduli at small amplitudes, as observed on dynamic shear tests run on filled
rubbers. A different possibility is to calibrate the amplitude dependance of the model
by using the results of dynamic tests run at different amplitudes and frequencies. This
leads to a better cross fitting of the moduli G* but at the cost of a questionable aspect
of the stress to strain curves as predicted in dynamic shear tests, and at poorer results
on the uniaxial tests. We can therefore conclude that nonlinear viscous laws as used
herein do not have the proper scope for describing Payne effects. More sophisticated
laws would be needed there, to be inspired from a deeper study of the evolution of the
underlying microstructure in those tests.

Nevertheless, we think that the above model, because of its inherent nonlinearity
and of the quality of the present fitting, is a good candidate for studying the impact of
a nonlinear viscoelastic law on the output of a local contact model.

4 Developing a nonlinear local model of contact

4.1 Geometry and assumptions

We now want to develop a local contact problem, which does not suffer from the a
priori restrictions of the linear model. For this purpose, we again consider an horizon-
tal slab of viscoelastic elastomer sliding at a constant velocity V. = Ve, over a rough
periodic soil of elevation z = h(x,y). The soil is assumed to be fractal meaning that
the high frequency amplitude of the soil oscillation follows a power law The slab is
supposed to penetrate of a given distance dz with respect to the highest point A,,,, of
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the soil. A frictionless contact is assumed between the soil and the elastomer. In soil
related coordinates X = X, —Vt, the solution is again periodic and steady (no depen-
dence on time). But we now assume that we are in large strains, taking into account
the full nonlinear contact condition in the equilibrium equations, and that the material
is governed by the nonlinear constitutive law calibrated in the previous section. And,
in line with a potential use of this local model in a nonlinear homogenization strategy
or within a domain decomposition strategy [11], the far field is located at a distance L,
of the bottom, and is subjected to an imposed horizontal velocity, generating a shear
force equilibrating the horizontal component of the soil reaction force.

4.2 Approximation strategy

Because on the nonlinear structure of the equilibrium equations and of the constitutive
laws, it is no longer possible to develop an analytical solution for the solution as
function of the surface traction. We thus need to use an approximation strategy for
the displacement and pressure inside the slab. Different approximations are possible.
An attractive one is to combine a finite element approximation in Z and a Fourier
expansion in X and Y in the form

u= Z Ugnmgbk(Z)GQiW(nX/Lw—'_mY/Ly)G

a,k,n,m

with test function @, (X,Y, Z)e, = ¢p(Z)e2mX/Latm¥/Ly)e where a denotes
the direction z, y or z, and k£ denotes the index of the finite element node in Z. The
equilibrium problem reduces then to a set of nonlinear equations

/ Pa5¢kmn75dXdeZ —+ / pnaqﬁkmndXdY = 0, VO&, ]C, m,n
Q Z

=0

with unknowns {ui”m}a7k7n,m and where P = Jo F~ T denotes the first order Piola
Kirchhoff stress tensor. Each of these integrals are obtained by Gaussian integration
along the vertical direction (at Gaussian weights and points ¢ and Z;) and FFT along
the horizontal directions (with equidistant spatial points (X;, Y;)). Typically, the de-
formation gradients at altitude Z; are obtained by inverse FFT in X and Y

F(XZ, }/j, Z) —1d + Z ulof[nmein(nXi/Lm-Fij/Ly)Qa ®§knm(Z)7

a,kn,m
. n m
Conm(Z) = 2imp(Z)(—ex + —ey) + O1(Z)ey.
Lx Ly

The internal variable is next computed line by line at given Y} and Z by finding the
periodic solution of (1) with given deformation gradient { F'(X;, X;, Z¢)}i=1 n. The
constitutive laws (2-4) can then be locally applied at each point (X;, X;, Z), which
gives access to the Fourier coefficients an(ZG) by direct FFT, reducing the above
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integral to the local sum

/ P ospmn pd X dY dZ =
Q

m

Z Caq (227T¢]€(Zg) <%PZ7;—(Zg) + L_y

Za

P (Z0) ) + 420 PL5 Z0) )

A reduced integration is used for the hydrostatic pressure term, obtained by a
penalty treatment py(X;, X;, Z;) = —r(det F/(X;, X;, Z;) — 1) of the incompress-
ibility condition to be imposed at attitudes Z,. Finally the soil pressure p(X;,Y;)
representing the soil pressure at point z = X + u(X) with upward soil normal n(z)
is obtained from the contact conditions

uz(X) > h(i‘f‘ﬂ(&)) - hmaaz + 5Zap(Xa Y) Z 07 (uz - h + hmax - 62)]7 = 07

using typically an augmented Lagrangian approach [15]. The difference with the lin-
ear model is that the contact conditions are expressed in the deformed configuration,
and that the contact force is applied along the soil normal and not vertically.

Computing the residuals for a given contact preserving displacement field is very
fast and will be illustrated at the conference. This gives access to a qualification
strategy of the results of the linear model. A challenge is next to find an efficient
nonlinear solver, taking advantage of the fast evaluation of residuals.
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