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Abstract

Strain gradient plate theories are governed by partial differential equations of higher
order than those in classical plate models, requiring higher continuous approxima-
tions. In the finite element method, the simplest way to satisfy these continuity re-
quirements is to use Hermite interpolation polynomials. However, the construction of
geometry-conforming Hermite elements significantly complicates mesh generation,
particularly in complex domains.

In this work, the finite cell method is proposed to overcome these difficulties by
decoupling the geometry representation from the field approximation. The physical
domain is described on a nonconforming integration mesh, while the unknown field
variables are approximated on a separate interpolation mesh defined over a simple
background domain. To satisfy the continuity requirements inherent to strain gradient
theories, a novel hierarchical Hermite polynomial space is introduced. Compared with
the classical Hermite elements, the proposed formulation enables p-refinement of the
numerical solution, leading to improved refinement flexibility.

The methodology is implemented within a Kirchhoff strain gradient plate theory
and validated through free vibration problems involving complex geometries. Nu-
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merical results demonstrate high convergence of the solution, together with enhanced
modeling flexibility enable by the finite cell method.

Keywords: strain gradient theory, Kirchhoff nanoplates, finite element method, hier-
archical hermite functions, finite cell method, fictitious domain, complex geometries

1 Introduction

Strain gradient theories have gained increasing popularity in the modeling of thin
nanostructures, as they provide an efficient mean to enrich the classical continuum
theory without resorting to molecular dynamics simulations [1]. However, the use of
strain gradient formulations has important implications for the development of numer-
ical solution strategies. Due to the higher-order governing equations, these models re-
quire stricter smoothness requirements on the displacement field. In the specific case
of the strain gradient Kirchhoff plate theory, this results in a C2-continuity require-
ment across element boundaries. Within the framework of finite element methods,
such continuity is commonly achieved through Hermite interpolation polynomials.

Several Hermite finite element formulations have been proposed in the literature.
Classical examples include the C1-conforming Bogner-Fox-Schmit (BFS) [2] and C1-
nonconforming Adini-Clough-Melosh (ACM) [3] elements. For C2-continuous for-
mulations, notable contributions are the conforming and nonconforming bending ele-
ments introduced by Babu and Patel [4], and the subsequent extensions by Bacciocchi
et al. [5], who coupled these C2-continuous bending elements with C1-continuous
membrane elements based on the BFS and ACM formulations.

While Hermite plate elements are straightforward to formulate, their practical im-
plementation becomes challenging for complex geometries. The main difficulty lies
in the isoparametric mapping between computational and physical element, originally
developed for C0-continuous formulations. For C1-continuous Hermite elements,
second-order derivatives must be consistently transformed under this mapping, which
requires special treatment of the standard isoparametric procedure [6–10]. These dif-
ficulties become even more pronounced for C2-continuous elements for which higher-
order derivatives further complicates the implementation [11–13].

In this context, the finite cell method (FCM) [14] provides an attractive framework
for simplifying the meshing procedure of complex geometries. By embedding the
physical domain into a geometrically simple background domain, the FCM decouples
geometric representation from solution approximation. The physical geometry is ac-
counted for through numerical integration on a nonconforming mesh, whereas the so-
lution field is represented on a structured background mesh of simple square elements
for which the mapping is straightforward – even for Hermite-based discretizations.

A first attempt to combine the FCM with Hermite elements was presented in Ref.
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[15], where a C1-continuous Hermite discretization was employed to optimize the
critical buckling load of Kirchhoff plates with complex cutouts. However, to the best
of the authors’ knowledge, this idea has not yet been extended to strain gradient Kirch-
hoff plate theory, which requires C2-continuous approximations. Moreover, previous
FCM-Hermite approaches rely on classical Hermite shape functions and are therefore
restricted to h-refinement. This restricts the convergence potential of the FCM [16].

Motivated by these observations, this work aims to make two main contributions
to the state-of-the-art. First, the FCM is extended for the first time to strain gradi-
ent Kirchhoff plate theory, eliminating the mapping complexities associated with C2-
continuous Hermite elements. Second, a novel hierarchical Hermite polynomial space
is developed to fully leverage the convergence potential of the FCM. In contrast to
classical Hermite formulations, the proposed approach preserves C2-continuity while
enabling systematic p-refinement.

The remainder of this paper is organized as follows: Section 2 briefly reviews the
finite cell method. Its application to strain gradient Kirchhoff plate formulation is pre-
sented in Section 3. The hierarchical Hermite polynomial space employed for the fi-
nite element approximation is described in Section 4. Numerical results are discussed
in Section 5, followed by concluding remarks in Section 6.

2 Finite cell method

The underlying idea of the finite cell method (FCM) is to solve the governing equa-
tions on an extended domain Ω that encloses the physical one Ωphys [14]. The former
is typically of rectangular shape, while the latter can have an arbitrarily complex ge-
ometry. This idea is illustrated in Figure 1 for a two-dimensional body with annular
shape having boundary Γphys = ΓD ∪ ΓN.

Figure 1: Main idea of the finite cell method.

The influence of the physical domain Γphys is accounted for by a scalar function α,
which modifies the weak form of equilibrium as:∫

Ωphys

I(x) dΩphys =

∫
Ω

α(x) I(x) dΩ with α(x) =

{
1, x ∈ Ωphys

0, x ∈ Ωfict
. (1)
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where x = {x, y}T is the vector of physical spatial coordinates, I(x) is the weak form
integrand, while Ωfict = Ω \ Ωphys denotes the fictitious domain.

This formulation allows a simple, structured interpolation mesh to be used over
Ω, while the geometry complexity of the physical boundary Γphys is accounted for
via the integration procedure. In practice, a dedicated integration schemes, such as
quadtree methods [17], are employed to accurately integrate elements cut by the phys-
ical boundary. An illustrative example is provided in Figure 2, where the geometry is
captured by a nonconforming integration mesh with successive refinement levels k.

Figure 2: Quadtree integration scheme employed in the finite cell method.

Following this integration strategy, the weak form can then be approximated as:∫
Ω

α(x) I(x) dΩ ≃
Nc∑
i=1

∫
Ωc

i

α(ξ) I(ξ)dΩc
i ≃

Nc∑
i=1

Nsc∑
j=1

∫
Ωsc

ij

α(r) I(r)dΩsc
ij, (2)

where Nc is the number of interpolation elements, or sometimes called cells [14], and
Nsc the number of integration subcells associated with each cell. The cell and subcell
domains are denoted by Ωc

i and Ωsc
ij respectively, while ξ = {ξ, η}T and r = {r, s}T

are the corresponding local coordinates.
Within the FCM, all the issues of meshing generation are avoided at the price of

taking more sophisticated integration schemes, being the latter comparative easier than
the former. In the following, this general framework is implemented within a Hermite-
based strain gradient Kirchhoff finite element formulation, where the generation of
suitable isoparametric mappings for meshing of complex geometries is particularly
demanding.

3 Strain gradient Kirchhoff plate theory

This section briefly recalls the strain gradient Kirchhoff plate theory adopted in the
present work. The constitutive relation of strain gradient elasticity are [18]:

σij = Cijkl(1− l2∇2)ϵkl, (3)
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where σij and ϵij are the stress and strain tensors, respectively, Cijkl is the fourth-order
linear elastic stiffness tensor, l is the material length-scale, while ∇2 = ∂2(·)/∂x2 +
∂2(·)/∂y2 represents the Laplacian operator.

In the framework of Kirchhoff plate theory, the in-plane strain components ϵ =
{ϵxx, ϵyy, γxy}T are expressed as:

ϵ = ϵm + zϵb = Dmu+ zDbu, (4)

where ϵm and ϵb are the generalized membrane strains and curvatures, whereas u =
{u, v, w}T is the vector of mid-plane displacements. These latter are related to the
three-dimensional displacement field U = {ux, uy, uz}T through:

U = (I+ zDs)u, (5)

where I is a 3× 3 identity tensor, while the matrices of differential operator D are:

Dm =

(·),x 0 0
0 (·),y 0

(·),y (·),x 0

 , Db =

0 0 −(·),xx
0 0 −(·),yy
0 0 −2(·),xy

 , Ds =

0 0 (·),x
0 0 (·),y
0 0 0

 , (6)

with (·),β = ∂(·)/∂β denoting partial differentiation with respect to β.
The weak form integrand of the strain gradient Kirchhoff plate formulation is:

I(x) = (Dmδu)
T (ADm +BDb)u+ (Dbδu)

T (BDm +DDb)u+

+l2
[
(Dm,xδu)

T (ADm,x +BDb,x)u+ (Db,xδu)
T (BDm,x +DDb,x)u+

+ (Dm,yδu)
T (ADm,y +BDb,y)u+ (Db,yδu)

T (BDm,y +DDb,y)u
]
+

+ δuTI0ü− δuTI1 (Dsü)− (Dsδu)
T I1ü+ (Dsδu)

T I2 (Dsü) , (7)

where A, B, D are the membrane, membrane-bending coupling, bending stiffness
matrices from classical lamination theory, respectively, while I0, I1, I2 are the 3 × 3
diagonal matrix collecting the mass moment of inertia of the plate (I0, I1, I2).

Compared to classical elasticity for which l = 0, the strain gradient formulation
introduces higher-order derivative terms, i.e. second-derivative terms of the mem-
brane displacements and third-order terms of the transverse one. Consequently, C1-
continuity is required for the displacement components u and v, while C2-continuity
for the component w. To satisfy these continuity requirements, a novel hierarchical
Hermite function space is proposed in the following section.

4 Hierarchical Hermite polynomials

The proposed hierarchical Hermite polynomial space extends the classical Hermite in-
terpolation by enabling systematic p-refinement in addition to standard h-refinement.
This enables to fully exploits the high-order convergence properties of the FCM [16]

5



while satisfying the continuity requirements of strain gradient Kirchhoff plate theory.
In the following, two polynomial spaces are introduced to approximate the membrane
and transverse displacement fields. These are denoted as the C1-type and C2-type
hierarchical Hermite spaces, respectively.

4.1 C1-type hierarchical Hermite

The C1-type hierarchical Hermite functions are defined through the tensor product of
the one-dimensional polynomials:

f1(ξ) =
(1− ξ)2(2 + ξ)

4
, f2(ξ) =

(1− ξ)2(1 + ξ)

4
,

f3(ξ) =
(1 + ξ)2(2− ξ)

4
, f4(ξ) =

(1 + ξ)2(ξ − 1)

4
,

fi+1(ξ) =

√
2i− 1

2

∫∫ ξ

−1

Pi−1(ξ
′)dξ′ for i = 4, 5, ...p. (8)

Here, p denotes the order of the polynomial space, f1 − f4 are cubic Hermite polyno-
mial ensuring continuity of the displacement and its first derivative [2,3]. The higher-
order functions fi+1 are internal enrichment terms derived from the double integrals
of Legendre polynomials Pi. These latter polynomials satisfy the properties:

fi+1(±1) =
dfi+1(±1)

dξ
= 0,∫ +1

−1

d2fi+1

dξ2
d2fj+1

dξ2
=

{
1 if i = j

0 if i ̸= j
. (9)

The first of Eq. (9) ensures that the internal functions do not interfere with the bound-
ary degrees of freedom represented by f1 − f4, while the second of Eq. (9) states that
their second derivatives are orthonormal.

4.2 C2-type hierarchical Hermite

The C2-type hierarchical Hermite functions are assembled using the tensor product of
the following functions:

g1(ξ) =
(1− ξ)3 (8 + 9ξ + 3ξ2)

16
, g2(ξ) =

(1− ξ)3(1 + ξ) (5 + 3ξ)

16
,

g3(ξ) =
(1− ξ)3(1 + ξ)2

16
, g4(ξ) =

(1 + ξ)3 (8− 9ξ + 3ξ2)

16
,

g5(ξ) =
(1 + ξ)3(1− ξ) (5− 3ξ)

16
, g6(ξ) =

(1 + ξ)3(1− ξ)2

16

gi+1(ξ) =

√
2i− 1

2

∫∫∫ ξ

−1

Pi−3(ξ
′)dξ′ for i = 6, 5, ..., p, (10)
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where g1 − g6 are quintic Hermite functions which enforce continuity of the displace-
ment, as well as its first and second derivatives [4, 5]. The enrichment functions gi+1

are obtained by triple integration of Legendre polynomials so to satisfy:

gi+1(±1) =
dgi+1(±1)

dξ
=

d2gi+1(±1)

dξ2
= 0∫ +1

−1

d3gi+1

d3ξ

d3gj+1

dξ3
=

{
1 if i = j

0 if i ̸= j
. (11)

These conditions ensure that the internal functions do not interfere with the boundary
DOFs (g1 − g6) and their third derivatives are orthogonal.

The properties in Eqs. (9) and (11) are similar to those of the hierarchical bases first
introduced by Babuška et. al [19] for C0-continuous formulations, but here extended
to satisfy the C1- and C2-continuity requirements. Similar to the C0-continuous coun-
terpart, these two spaces retain a hierarchical structure, exhibit improved conditioning
of the stiffness matrix, and enable spectral convergence under p-refinement.

5 Results

To validate the proposed finite element formulation based on the finite cell method
(FCM) and hierarchical Hermite polynomials, we consider the free vibration analysis
of a square nanoplate with a heart-shaped cutout, originally proposed in Ref. [20].

The problem setup is illustrated in Figure 3a. The plate has side length L = 5
and thickness t = 0.2, with material properties E = 107, ν = 0.3 and ρ = 1000.
The nonlocal parameter is set to l = 0.2. Simply supported boundary conditions are
applied along all edges. The interpolation mesh consists of 2× 2 elements, as shown
in Figure 3b, while the corresponding integration mesh is depicted in Figure 3c.

Figure 3: Heart-shaped Kirchhoff nanoplate problem: (a) geometry, (b) interpolation
mesh, (c) integration mesh.
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In the following, a two-step convergence analysis is performed. First, the reso-
lution of the integration mesh is investigated. Second, with the converged integration
scheme, the interpolation space is enriched through hierarchical p-refinement to assess
the approximation performance of the proposed hierarchical Hermite elements.

5.1 Integration mesh convergence

The polynomial order of the interpolation space is initially fixed at p = 5, while
successive refinements of the integration mesh are applied near the cutout. Figure 4
shows the convergence of the integration mesh resolution on the first four natural
frequencies, ωn (n = 1, 2, 3, 4). The results are normalized with respect to reference
solutions (ωref

n ) obtained with a highly refined integration mesh (k = 15).

Figure 4: Convergence of the integration mesh.

For coarse integration meshes (k < 6), large oscillations are observed due to insuf-
ficient geometric resolution. These oscillations vanish beyond a refinement level of
k = 9, indicating that the integration errors become negligible. This integration mesh
is adopted in the subsequent analysis.

5.2 Interpolation mesh convergence

Using the converged integration mesh, the interpolation space is now enriched through
hierarchical p-refinement. The polynomial order is increased from the minimum ad-
missible p = 5 up to p = 10, without modifying the background mesh. The first
four natural frequencies are reported in Table 1 together with the number of bending
degrees of freedom (DOFs) for each interpolation order.

8



Refinement DOFs Mode 1 Mode 2 Mode 3 Mode 4
Hierarchical Hermite p = 5 45 6.0541 11.8448 12.6938 19.7690

p = 6 69 6.0085 10.9615 12.1840 19.3598
p = 7 101 5.9846 10.6784 11.9972 19.2054
h = 8 141 5.9747 10.5520 11.8988 19.0877
p = 9 189 5.9720 10.5079 11.8494 19.0347
p = 10 245 5.9711 10.4934 11.8216 19.0137

Wang et. al (2021) [21] 5.99 10.54 11.76 19.11

Table 1: Convergence of natural frequencies upon interpolation space refinement.

The computed frequencies decrease monotonically with increasing p, indicating
consistent convergence and confirming the adequacy of the chosen integration scheme.
Rapid convergence performance is observed. With a polynomial order of p = 9, the
results are accurate to approximately two significant digits, demonstrating the effi-
ciency of the proposed formulation. Furthermore, comparison of the converged so-
lutions with the ones reported by Wang et. al [21] shows excellent agreement with
differences below 1%.

6 Concluding remarks

This work presented a finite element framework for strain gradient Kirchhoff plate
theory that combines the finite cell method (FCM) with a novel hierarchical Hermite
polynomial space. The proposed approach addresses a major challenge in strain gradi-
ent finite element formulations based on Hermite polynomials, i.e. the isoparametric
mapping of distorted elements.

To address this issue, the physical domain is embedded into a simple, structured
background mesh of square elements within the FCM. This strategy eliminates the
need for distorted elements to conform to the physical boundary of the plate, leading
to a much simpler mapping procedure.

A key limitation of existing Hermite polynomial spaces is that they typically allow
only h-refinement of the numerical solution, thus restricting the convergence potential
of the FCM. In this work, this restriction is removed by introducing a hierarchical
enrichment of the classical Hermite basis to enable flexible p-refinement.

The framework was validated through the free vibration analysis of a cutout nanoplate.
The study on the integration scheme demonstrated that accurate geometric represen-
tation can be achieved by adaptive refinement of the integration mesh. Moreover, the
convergence study of the proposed hierarchical polynomial space showed monotonic
and rapid error decrease.

In summary, the proposed formulation combines the simplicity of Hermite dis-
cretizations with the geometric flexibility of the FCM and the convergence perfor-
mance of hierarchical p-refinement. This approach represents an efficient and versatile
computational strategy for solving strain gradient plate problems.
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