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Abstract

This contribution presents a form-finding approach for the optimal design of retic-
ulated domes implemented within a commercial parametric environment. The pro-
posed methodology leverages Galapagos, the evolutionary solver embedded in the
Rhino-Grasshopper platform, to explore optimal funicular configurations of lattice
shells under self-weight. The equilibrium of the spatial network is enforced through a
compact Python script that implements the Force Density Method (FDM), interfaced
with the parametric model: by expressing the ratio of axial force to length for each
branch as the design variable, the FDM reduces the equilibrium equations of the un-
restrained nodes to a linear system, from which the shape of the network is directly
recovered. The evolutionary solver optimizes the force densities of the branches, sub-
ject to geometric constraints on member lengths and node positions, effectively driv-
ing the shape of the dome toward the optimal funicular configuration. The Maxwell
number, defined as the sum of the force-times-length products over all branches of the
network, is adopted as the objective function to be minimized. The approach is tested
on a Schwedler dome topology, and the results demonstrate that the evolutionary al-
gorithm converges to solutions in close agreement with those obtained via gradient



based optimization techniques. The key advantage of the proposed workflow lies in
its accessibility: by exploiting widely adopted commercial tools and requiring only
minimal scripting, the method lowers the barrier for practitioners and researchers to
perform structurally informed shape optimization of lattice shells without the need for
custom numerical solvers.
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1 Introduction

Lattice shells are doubly curved structures whose load-carrying efficiency relies on
the predominantly axial response of their branches [1, 2]. The search for efficient
shapes for this class of structures is naturally framed within equilibrium-based design
strategies, such as funicular analysis, see e.g. [3, 4, 5]. From a modelling standpoint, a
reticulated shell can be regarded as a statically indeterminate network of vertices and
edges with a prescribed topology: boundary conditions are introduced at the restrained
nodes, while the remaining ones are kept in equilibrium with the applied point loads.
By introducing the force density of each branch, defined as the ratio between its axial
force and its length [6], the equilibrium equations of the unrestrained nodes turn into
a linear system that decouples along the three coordinate directions, from which the
shape of the network is directly recovered. In the close past, the combination of the
Force Density Method (FDM) with optimization routines has proven to be a powerful
strategy for the form-finding of gridshells and reticulated domes, see e.g. [7]. Most
of the existing formulations rely on gradient-based solvers, such as sequential convex
programming [8], which were originally developed for large-scale size optimization
of elastic structures [9] and require the sensitivities of the objective function and of
the constraints with respect to the design variables.

While very effective, such solvers typically call for dedicated numerical imple-
mentations and a non-negligible amount of analytical derivation, which may discour-
age their adoption outside specialized research groups. The present contribution ex-
plores an alternative route, aimed at bringing FDM-based shape optimization of lattice
shells within the reach of the parametric design community. The present work builds
on the constrained FDM formulation proposed in [10], which is here recast within a
derivative-free evolutionary framework. The multi-constrained minimization problem
is solved by means of an evolutionary algorithm, namely the Galapagos solver natively
available in the Rhino-Grasshopper environment [11], which is an easily accessible,
general tool for parametric modelling in architectural and structural design [12, 13].

The FDM kernel is implemented as a compact Python script interfaced with the
parametric model: the force densities of the branches are taken as design variables,
and the evolutionary solver drives them toward the configuration that minimizes the



objective function, while the geometric requirements on member lengths and nodal
positions are enforced through penalty terms. Because the strategy is derivative-free,
no sensitivity analysis has to be coded, and the whole workflow can be deployed with
only a minimal amount of scripting, lowering the entry barrier for practitioners and
researchers who wish to perform structurally informed shape optimization without
resorting to custom numerical solvers. As in [10], the Maxwell number is adopted
as the quantity to be minimized, defined as the sum of the products of axial force
and length over all the edges of the spatial network. By virtue of Maxwell’s theorem
[14], this measure equals the sum of the products between the applied loads and their
distances from an arbitrary reference point, see also the discussions and examples
reported in [15, 16]. The constraints retained in the formulation are purely geometric:
bounds are prescribed on the minimum and maximum length of the bars and on the
admissible range of the vertical coordinates of the nodes.

The proposed workflow is assessed on a benchmark Schwedler dome topology
under self-weight. The results show that the evolutionary solver converges to config-
urations in close agreement with those obtained by gradient-based techniques [10],
thereby supporting the viability of the approach as an accessible alternative for form-
finding of reticulated domes.

The remainder of the paper is organized as follows. The Force Density Method is
briefly recalled, and the multi-constrained problem together with its penalized counter-
part is then introduced. A numerical example based on the Schwedler dome topology
is finally presented to illustrate the workflow and to discuss the quality of the solutions
retrieved by the evolutionary solver.

2 Force density method

The equilibrium of spatial networks is handled through the Force Density Method
(FDM) [6]. The network is composed of n, = n +n; nodes and m branches acting as
bars, embedded in a Cartesian reference frame with axes x, y, z. The full set of nodal
coordinates is gathered in vectors x, ¥, 25, Where subscripts distinguish between the
n free nodes, those loaded by external forces, and the n; supported nodes where re-
actions develop. The connectivity of the grid is encoded in the matrix C;, with C' and
C'; denoting its subsets associated with free and restrained nodes, respectively. The
coordinate differences between the connected nodes along each axis are expressed as
follows:

u=0Cx,, v=0C,y,, w=C,z,. (D)

For each branch of the network, the ratio of axial force to length defines the force
density, and these are stored in the vector q = L~'s, where s is the vector collecting
the forces in the m branches, L = diag(l) and [; = \/u? + v? + w?. Only gravitational
loading is considered, with vertical point forces at the free nodes assembled in p,. A



key property of the FDM is that substituting q into the nodal equilibrium conditions
yields a system that is linear and decoupled across the three spatial directions:

C’QCx + CTQC;x; = 0,
C"QCy + C"QCyy; =0, (2)
C’QCz + C"QCyz; = p.,

with Q = diag(q).

It is important to mention that self weight is dependent on the shape while the
shape is determined by the solution of (2). To address this interdependency, the FDM
procedure is applied iteratively: at each step, the nodal loads are updated based on the
member lengths obtained in the previous solution, and the process is repeated until
the total applied load shows only minor variation. Preliminary tests on the initial grid
indicated that the change in total self-weight becomes negligible after a few iterations;
therefore, a small fixed number of inner iterations (four in this work) was adopted as a
reasonable balance between accuracy and computational effort. This iterative update
is performed within each evaluation of the penalized objective function carried out by
the evolutionary solver.

3 Optimization problem

A multi-constrained minimization is stated in terms of any set of force densities q:

(min M (3a)
q; <0
s.t. CIQC,x+ CIQC,x; =0,
CIQC,y + C;QCy,y; =0, (3b)
CZQCZZ + CZQszZf = Pz,
I
l > 1 for j=1..m, (3c)
I
l I <1 for j=1.m, (3d)
zi(q) > 2™ for i=1..n, (3e)
\ zi(q) < 2" for i =1..n, (3f)

Since an evolutionary solver is employed, the inequality constraints (3c)—(3f) are
enforced via penalty terms on the objective function. The penalized objective reads:

m
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where (-) = max(0, -) and «, 3, 7, 0 are penalty weights.

The penalized counterpart of (3) is obtained by replacing M with M,, and dropping
the inequality constraints.

In the formulation above, the objective function is given by the sum, over all
branches of the network, of the product between axial force and length [14]. Be-
cause the focus is on anti-funicular networks, as enforced by the side constraints in
(3), this quantity reads:

M = —sTl = —q"LL (5)

(3b) expresses nodal equilibrium of the free nodes along the three coordinate axes and
is used to recover z once q is known. (3c) and (3d) impose, respectively, a lower
bound /,,,;,, and an upper bound /... on the length of every branch; these geometric
requirements are conveniently formulated through the branch coordinate differences
already introduced in Eqn. (1). Finally, Eqgs. (3e-3f) collect two sets of inequalities
that constrain the vertical nodal coordinates z: within the prescribed design domain,
each of the n coordinates z; is required to lie between a lower limit ijzn and an upper
limit 27"

The penalized minimization problem is tackled by means of an evolutionary algo-
rithm, namely the Galapagos solver natively available within the Rhino-Grasshopper
environment, see the discussion in Section 1. Unlike gradient-based schemes such as
the Method of Moving Asymptotes [8], which would require the sensitivities of the
objective function and of the constraints with respect to the design variables collected
in q (see e.g. [7]), the adopted population-based strategy is derivative-free: at each
generation, candidate sets of force densities are evaluated only through the penalized
objective M, where the equilibrium equations (2) are solved by the FDM kernel
and the violations of the geometric requirements (3c)—(3f) are accounted for via the
penalty terms in Eqn. (4). This makes the implementation particularly straightforward
within the parametric workflow, as no analytical or numerical sensitivity analysis has
to be coded.

4 Numerical example

The workflow outlined in the previous sections is now applied to the optimal shape
design of lattice domes, see e.g. [17]. As a benchmark topology, a Schwedler dome
[18] is selected, whose grid combines meridional ribs, parallel rings, and diagonal
bracings, as shown in Figure 1(a).

The Schwedler grid possesses a cyclic symmetry. This property is exploited to re-
duce the number of independent design variables: the force densities are grouped into
equivalence classes according to the cyclic symmetry of the grid, so that all branches
belonging to the same orbit share a common value of gq. The FDM kernel is still as-
sembled and solved on the full network, but the evolutionary solver only operates on
the reduced set of independent force densities, which substantially shrinks the search



space explored at each generation. This reduces the 352 force densities to only 15
independent variables in this specific case.

The dome is inscribed in a circle of radius » = 6 m. The admissible design space
prescribes that the vertical coordinate of any free node must lie between z,,,;,, = 3.00 m
and 2,,., = 8.00m, while each branch is required to have a length between [,,;, =
0.75m and [, = 2.00 m. The aim of the analysis is to determine the dome geometry
that minimizes the Maxwell number defined in Eqn. (5), while complying with the
bounds on member lengths and on nodal elevations. Self-weight is the only load
considered: the bars are assigned a square cross-section of 0.3 x 0.3 m? and a specific
weight of 25 kN/m?.

The Galapagos evolutionary solver is run with a population of 100 individuals, an
initial boost factor of 5, a maintain rate of 2% and an inbreeding factor of 96%. Con-
vergence is declared when the best individual has not improved for 150 consecutive
generations, which also defines the stopping criterion.

Figure 1(a) shows the nodal loads acting on the initial topology, while Figure 1(b)
depicts the starting guess obtained by assigning the same force density (25 kN/m) to
every branch. Figure 1(c) shows the initial guess after the inner self-weight loop has
converged, which is the configuration actually seen by the evolutionary solver. It can
be observed that this configuration does not fulfill the geometric requirements and
already departs noticeably from the original grid.

The optimized layout returned by the evolutionary solver is reported in Figure 2(b):
the solution is fully feasible with respect to all local constraints and differs substan-
tially from the initial guess. In particular, only the meridional ribs and the diagonal
members remain structurally active, whereas the rings are essentially negligible, as
confirmed by the force intensity map in the same picture.

For reference, the same benchmark has been solved in [10] by means of a gradient-
based sequential convex programming scheme, under identical topology, loading and
geometric bounds, yielding an optimal Maxwell number of 7576 kNm. The value of
7645 kNm returned by the evolutionary solver is within less than 1% of this refer-
ence, which supports the claim that the derivative-free workflow is competitive with
gradient-based techniques on this class of problems, while requiring no sensitivity
analysis.

5 Concluding remarks

This work has presented a numerical framework for the form-finding and optimal de-
sign of reticulated domes based on funicular analysis. Building on recent contributions
in the literature, the Force Density Method has been adopted as the equilibrium kernel
for spatial truss networks, owing to its compactness and to the ease with which it can
be embedded inside an optimization loop. The Maxwell number, defined as the sum
of the products between axial force and length over all the branches of the network,
has been chosen as the quantity to be minimized. The feasible design space has been
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Figure 1: Topology of the starting grid and nodal loads in kN (a), initial guess (b),
initial guess after converged self weight (c).
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Figure 2: Top view of the optimal network and element forces (a), 3D view of the

structure (b). Objective function at convergence 7645 kNm.



delimited by geometric constraints acting both on the vertical position of the nodes
and on the admissible range of member lengths.

Differently from previous works relying on sequential convex programming, the re-
sulting multi-constrained problem has here been solved through an evolutionary algo-
rithm, namely the Galapagos solver available in the Rhino-Grasshopper environment,
with the geometric requirements introduced into the objective by means of penalty
terms. Such a choice removes the need for any sensitivity analysis and allows the
whole workflow to be deployed within a widely used parametric modelling platform
with only a minimal amount of scripting.

On the Schwedler benchmark, the Maxwell number returned by the evolutionary
solver is within less than 1% of the value obtained by a gradient-based sequential
convex programming scheme on the same problem, which supports the viability of
the derivative-free route.

Current research activities are devoted to the assessment of the proposed workflow
on a broader set of initial topologies, taking inspiration from [18], with the aim of
comparing the optimal configurations obtained for different starting grids in terms
of the adopted performance measure, i.e. the Maxwell number and possibly other
objectives (i.e. compliance). Future developments will also address the extension of
the methodology to the case of multiple loading conditions.
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