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Abstract

High-temperature superconducting (HTS) magnetic levitation systems exhibit con-
tactless levitation with strongly nonlinear force–displacement behavior and low inher-
ent damping. This work examines the nonlinear dynamics of an HTS maglev train,
with particular focus on the engineering implications of its sensitivity to guideway-
induced disturbances. To support design-oriented analytical investigations, a reduced-
order dynamic model is adopted that preserves the essential nonlinear characteristics
of the levitation force. The Multiple Scales Method (MSM) provides analytical ex-
pressions for the system’s vertical oscillations. Based on the authors’ recent works,
this framework enables an analytical evaluation of the influence of key design param-
eters on the system dynamics. The analysis reveals resonance conditions arising from
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the interaction between external disturbances and nonlinear levitation effects, which
may lead to excessive vibration levels if not properly addressed at the design stage.
Numerical simulations based on direct time-domain integration show good agreement
with the analytical solutions over a broad range of operating conditions. Overall, the
presented approach offers an efficient, design-oriented tool for parameter optimization
and the mitigation of vibration-related issues in HTS maglev systems.

Keywords: magnetic levitation, vibration control, damping design, multiple time
scales, resonances, analytical methods

1 Introduction

Magnetic levitation (maglev) systems are at the forefront of modern railway technol-
ogy. Since the introduction of magnetic levitation, significant advances have been
achieved in its application to transportation [1]. Maglev trains, whether in operation
or under development, include superconducting electrodynamic suspension [2], elec-
tromagnetic suspension [3,4], and high-temperature superconducting (HTS) magnetic
levitation [5]. Among these, HTS magnetic levitation offers high energy efficiency,
operational stability, and adaptability across a wide range of speeds, from low to ultra-
high. However, its inherently weak damping makes it highly sensitive to external dis-
turbances, such as mechanical and magnetic irregularities in the guideway, which can
compromise stability and produce significant vibrations. Consequently, extensive re-
search has focused on optimizing guideway configurations to improve overall system
performance [6–9]. Most solutions employ a flat permanent magnet guideway (PMG).
In contrast, the system described in [10] utilizes a V-shaped PMG, initially proposed
by the University of L’Aquila in 2008, tested on the UAQ4 laboratory track, and later
refined through numerical optimization [9, 11, 12] (see Figure 1).

Figure 1: (a) Maglev system experimental setup with V-shaped levitators at the Uni-
versity of L’Aquila, and (b) schematic of a Maglev vehicle on the guideway,
measuring 13 m in length, 3 m in width, 3.6 m in height, total weight 24,950
kg at full passenger capacity, empty weight 14,900 kg.
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Building on prior collaborations between the University of L’Aquila (Italy) and
Southwest Jiaotong University (China), this study examines a refined V-shaped PMG
configuration incorporating a Halbach array. In this design, the vertical and horizon-
tal components of the magnetic field generate levitation and guidance forces, respec-
tively. These forces have been determined through numerical simulations [11, 12] as
functions of the vehicle body’s vertical and horizontal position. A full-scale HTS ma-
glev system for urban transportation, employing this V-shaped levitation mechanism,
is depicted in Figure 1(b). The vehicle consists of a body mechanically connected to
four bogies via eight secondary suspensions, with each bogie containing four super-
conducting levitators and the stator of the linear motor.

The inherently low damping characteristics of the maglev system under study makes
it highly susceptible to guideway-induced disturbances, which can adversely affect
passenger comfort, system performance, and vehicle stability, potentially causing vi-
brations that compromise safety. Linear analysis is insufficient for assessing the im-
pact of levitation model parameters on system dynamics. In practice, the large os-
cillations associated with resonance phenomena, common in many dynamical sys-
tems [13–16], are affected and can be mitigated by nonlinearities, such as the non-
linear characteristics of the levitation force outlined in [11, 12]. The present study
analytically examines the influence of this nonlinearity on the dynamics and stability
of the HTS maglev system using the Multiple Scales Method (MSM).

The paper is organized as follows. Section 2 introduces the reduced nonlinear
dynamic model of the maglev system and presents an analytical investigation using
the Method of Multiple Scales to assess the impact of key design parameters on the
system’s nonlinear dynamics. Section 3 presents the results of numerical simulations.
Finally, conclusions and future perspectives are discussed in Section 4.

2 Analytical investigation

This section revisits and exploits the theoretical model presented in [16] to analyze the
nonlinear dynamics and vertical oscillations of the HTS maglev system under study.
The vehicle body moving along the PMG is modeled as a rigid body subjected to
vertical disturbances, gravitational forces, and the levitation force. The governing
equation of motion for the vertical oscillations of the system is

ẍ+ 2µẋ+ ω2x+ κ2x
2 + κ3x

3 + µ2ẋ
2 + µ3ẋ

3 = p cos(Ωt), (1)

where x(t) denotes the vehicle’s vertical displacement, ω is the system’s natural fre-
quency, and µ is the linear damping coefficient. The constants κ2 and κ3 correspond to
the nonlinear elastic components of the levitation force, while µ2 and µ3 account for
the nonlinear viscous contributions. Finally, p represents the amplitude of the external
excitation per unit mass m of the vehicle body. Henceforth, the time dependence of
variables (e.g., x(t)) is implied and omitted for brevity.

For a lightly damped, weakly nonlinear system governed by Equation (1), a small-
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amplitude excitation p can produce a relatively large response when the excitation fre-
quency Ω approaches the system’s natural frequency ω. Although analytical solutions
to Equation (1) are generally unavailable, the effects of the levitation force nonlinear-
ity, characterized by the parameters κ2, κ3, µ2, and µ3, on the system dynamics can be
studied analytically using the Multiple Scales Method (MSM).

The first step of the MSM is the rescaling and expansion of the displacement field,
x(t) → ε(x0(t) + εx1(t) + ε2x2(t) + ...), where 0 < ε ≪ 1 is a small bookkeeping
parameter to be reabsorbed at the end of the procedure. The damping parameter and
the amplitude of the forcing are also rescaled, µ → ε2µ, p → ε3p. The frequency
of the forcing is recast in the form Ω = ω + ε2σ, where σ is a detuning parameter
introduced to measure the nearness of Ω to ω. Independent time scales are introduced,
tk = εk t, k = 0, 1, .... Consequently, the total time derivative is expressed in terms of
partial derivatives with respect to the time scales tk, in the form d/dt = d0 + ε d1 +
ε2 d2 + ..., and d2/dt2 = d2

0 + 2ε d0d1 + ε2 (d2
1 + 2d0d2) + ..., where dk stands for

partial differentiation with respect to tk. The perturbation equations of the MSM are
finally derived by substitution in Equations (1) and collection of terms with the same
power of ε. The first three perturbation equations are

d2
0x0 + ω2x0 = 0,

d2
0x1 + ω2x1 =− 2d1d0x0 − κ2x

2
0 − µ2(d0x0)

2,

d2
0x2 + ω2x2 =− 2d1d0x1 − 2d2d0x0 − d2

1x0 − 2µd0x0 − 2κ2x0x1 − κ3x
3
0

− 2µ2d0x0 (d0x1 + d1x0)− µ3(d0x0)
3 + p cos(ωt0 + σt2).

(2)

The perturbation equations (2) must be solved sequentially, as described in [16].
The general solution to the zero-order perturbation equation (the so-called generating
solution) takes the form

x0 = Aeiωt0 + cc, (3)

where A(t1, t2, . . . ) is an unknown complex amplitude that depends on the slow time
scales t1, t2, etc. Substituting Equation (3) into the first-order perturbation equation
(2) yields a nonhomogeneous differential equation in the unknown variable x1

d2
0x1 + ω2x1 = −2iωd1Ae

iωt0 −
(
κ2 − µ2ω

2
)
A2ei2ωt0 −

(
κ2 + µ2ω

2
)
AĀ+ cc. (4)

Time-diverging (secular) terms arising in the particular solution of the first-order
perturbation equation (4) can be removed by imposing the solvability (or compatibil-
ity) condition d1A = 0. Under this condition, the particular solution of the first-order
perturbation problem becomes

x1 =
κ2

ω2

(
−AĀ+

A2

3
e2iωt0

)
+ µ2

(
−AĀ− A2

3
e2iωt0

)
+ cc. (5)

4



This first-order solution (5) represents the first correction to the generating solu-
tion (3) and explicitly incorporates the effects of levitation nonlinearity through the
parameters µ2 and κ2. Substituting both the generating solution (3) and the first-order
solution (5) into the second-order perturbation equation (2) yields a nonhomogeneous
differential equation in the unknown variable x2, which is expressed as follows

d2
0x2 + ω2x2 =−

[
2iω (d2A+ µA)− p

2
eiσt2

]
eiωt0

−
(
3κ3 − 3iµ3ω

3 − 10κ2
2

3ω2
− 14κ2µ2

3

)
A2Āeiωt0

−
(
κ3 + iµ3ω

3 +
2κ2

2

3ω2
− 2κ2µ2

3

)
A3e3iωt0 + cc.

(6)

The second-order solvability condition for equation (6) reads

2iω (d2A+ µA) +

(
3κ3 − 3iµ3ω

3 − 10κ2
2

3ω2
− 14κ2µ2

3

)
A2Ā =

p

2
eiσt2 . (7)

By imposing the condition (7), a particular bounded solution of the second-order
perturbation equation (6) is obtained in the form

x2 =

(
κ3 + iµ3ω

3 +
2κ2

2

3ω2
− 2κ2µ2

3

)
A3

8ω2
e3iωt0 + cc. (8)

By combining Equations (3), (5), and (8), and performing the inverse rescaling
of the complex amplitude, εA → A, to reabsorb the perturbation parameter ε, the
asymptotic expression for the state variable x(t) can be written as

x(t) =Aeiωt0 − κ2

ω2

(
AĀ− A2

3
e2iωt0

)
− µ2

(
AĀ+

A2

3
e2iωt0

)
+(

κ3 + iµ3ω
3 +

2κ2
2

3ω2
− 2κ2µ2

3

)
A3

8ω2
e3iωt0 + cc+ o(A3).

(9)

Equation (9) provides the asymptotic solution for the problem, once it is com-
plemented by an expression for the complex amplitude A. This amplitude arises
from the solvability conditions of the first- and second-order perturbation equations,
combined within the asymptotic expansion of the total time derivative of A, namely,
Ȧ = ε (d0A+ εd1A+ ε2d2A+ ...). By combining these conditions and applying
the inverse rescaling εA → A, ε2µ → µ, ε3p → p, and ε2σ → σ, the following
differential equation in the true time is obtained

Ȧ+
(
µ− iα |2A|2

)
A = − ip

4ω
eiσt. (10)
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where the coefficient α reflects the influence of the nonlinear levitation force through
the parameters κ2, µ2, κ3, and µ3, and is defined as follows

α =
9κ3ω

2 − 9iµ3ω
5 − 10κ2

2 − 14κ2µ2ω
2

24ω3
. (11)

Equation (10) represents the Amplitude Modulation Equation (AME) correspond-
ing to the weakly nonlinear differential equation (1). Its steady-state solutions describe
the system’s periodic motions, while, in general, the AME governs how the oscilla-
tion amplitude evolves over time. To solve Equation (10), the complex amplitude A is
expressed in polar form, 2A(t) = a(t)eiφ(t), introducing the real amplitude a(t) and
real phase φ(t). Substituting this expression into Equation (10) yields{

ȧ+ µa = p
2ω

sin θ,

aθ̇ − σa+ αa3 = p
2ω

cos θ,
(12)

where the variable θ := σt − φ has been introduced to rewrite the real form of the
AME (12) as a set of autonomous ordinary differential equations.

The real form of Equation (9) can be expressed as follows

x(t) = a cos (Ωt− θ) +
a2

6

[
−3

(κ2

ω2
+ µ2

)
+
(κ2

ω2
− µ2

)
cos (2Ωt− 2θ)

]
+

a3

32

[(
κ3

ω2
+

2κ2
2

3ω4
− 2κ2µ2

3ω2

)
cos (3Ωt− 3θ)− µ3ω sin (3Ωt− 3θ)

]
+ o(a3).

(13)

Steady-state motion occurs when ȧ = θ̇ = 0. The corresponding constant steady-
state amplitude, a(t) = as, is determined from Equations (12), yielding

µ2a2s +
(
σ − αa2s

)2
a2s =

( p

2ω

)2

, (14)

which constitutes an implicit equation for the steady-state amplitude as, and also{
sin θs =

2ωµ
p
as,

cos θs = −2ωσ
p
as + αa3s,

(15)

which determine the corresponding steady-state value of θ(t), denoted as θs.
Equation (14), referred to as the amplitude-frequency equation, implicitly defines

the steady-state amplitude as as a function of the system parameters, the forcing am-
plitude p, and the forcing frequency (through the detuning parameter σ). Once as is
known, Equations (15), known as the phase-frequency equations, allow the determi-
nation of the steady-state phase, φs(t) = σt− θs.
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Equation (13) shows that the leading term of the steady-state response is tuned
exactly to the external excitation frequency, with a phase shift of θ relative to the ex-
citation. The parameters κ2 and µ2 introduce a correction to the leading term, causing
the response to be offset from x = 0, while the effects of κ3 and µ3 appear only as
higher-order corrections.

It is important to note that the motion described by the analytical solution is physi-
cally meaningful (observable) only if it is stable. To assess the stability of the periodic
solution (13), a small perturbation is introduced via the change of variables a = as+δa
and θ = θs+δθ, where δa and δθ are small deviations from the steady state. Substitut-
ing these into Equations (12) and neglecting higher-order terms leads to the following
linearized form of the AME[

δȧ
δφ̇

]
=

[
−µ αa3s − σas

σ
as

− 3αas −µ

] [
δa
δφ

]
. (16)

By analyzing the eigenvalues of the linearized system matrix, it can be concluded
that the steady-state motions of the system are stable if and only if the system param-
eters satisfy the following condition(

σ − 3αa2s
) (

σ − αa2s
)
+ µ2 > 0. (17)

Equation (17) defines a constraint on the system and forcing parameters that guar-
antees the stability of the steady-state motion when the forcing frequency Ω is close
to the system’s natural frequency ω. Numerical examples based on this analytical
solution and confirming the existence and observability of the corresponding stable
motions are presented in the following Section 3.

3 Numerical analysis

The levitation force parameters best fitting the levitation curve outlined in [11,12] are
µ = 0.0069, s−1, ω = 33.4591, s−1, and κ2 = 4.3741·104,m−1s−2, with the remaining
parameters, κ3, µ2, and µ3, set to zero. As noted, the system’s weak damping renders
it highly sensitive to external disturbances, potentially impacting performance, pas-
senger comfort, and dynamic stability. The asymptotic solution derived in Section 2
is used to analyze the effects of these nonzero levitation parameters on the system’s
nonlinear dynamics. A numerical benchmark, obtained via direct time integration of
the nonlinear equation of motion, is also provided for comparison.

The system considered here is subjected to an external excitation with amplitude
p = 0.1m s−1 and frequency Ω = (1+σ̄)ω, close to the natural frequency ω. The rele-
vant Amplitude-Frequency response (as–Ω) for σ̄ ∈ (−0.1, 0.1), i.e., Ω/ω ∈ (0.9, 1.1)
are shown in Figure 2(a). The blue branches indicate stable solutions (stable limit cy-
cles) predicted by the MSM, while the red dashed branches correspond to unstable
solutions. For reference, the grey lines represent the frequency response of the linear
system, obtained by neglecting the nonlinear terms in the levitation model.
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Figure 2: (a) Maglev amplitude-frequency response for µ = 6.9 · 10−3 s−1, ω =
33.4591 s−1, κ2 = 4.3741 · 104m−1s−2, p = 0.1ms−2; (b) Limit cycles ob-
tained numerically (NUM) and analytically (MSM) at excitation frequencies
Ω/ω = (0.96, 1.03). Two limit cycles can be observed when Ω/ω = 0.96
(points AL and AU ), only one for Ω/ω = 1.03 (point E).

Figure 2(a) highlights the effect of the levitation model nonlinearity on the sys-
tem response, causing a leftward bending of the amplitude curve, which in turn leads
to multi-valued regions in the frequency domain (frequency ranges where multiple
steady-state solutions exist for as). For the system considered, this multi-valued be-
havior occurs for excitation frequencies Ω below point B, i.e. Ω < ΩB ≃ 0.978ω.
Specifically, at Ω = ΩA = 0.96ω, three distinct solutions are observed: the first,
at the lower blue branch (point AL), corresponds to a stable motion; the second, on
the middle red dashed branch (point AM ), is an unstable solution that is physically
unattainable; the third, on the upper blue branch (point AU ), corresponds to another
stable motion. In practice, the system may settle into either of the two stable solutions,
depending on the initial state (initial position xin, initial velocity vin).

Figure 2(b) depicts the closed phase–space trajectories (limit cycles) reached by the
system under different external excitations, with amplitude p = 0.1ms−2 and frequen-
cies Ω/ω = (0.96, 1.03). The blue curves denote the benchmark numerical solutions
(NUM), whereas the red curves correspond to the analytical predictions obtained us-
ing the Multiple Scales Method (MSM). It is observed that, when Ω = 0.96ω, the
system may converge to two distinct limit cycles. The smaller limit cycle, associated
with point AL in Figure 2, is reached when the system starts from the null initial con-
dition xin = vin = 0. The larger limit cycle, corresponding to point AU , is attained for
the initial condition xin = 0.01m, vin = 0.01ms−1. For Ω > 0.978ω, the resulting
limit cycle is independent of the initial condition, in agreement with the frequency
response curves shown in Figure 2(a).

The MSM limit cycles shown in Figure 2(b) are obtained from the MSM solution
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that includes the generating solution x0 together with its first-order correction x1. The
contribution of higher-order terms in the asymptotic expansion, such as x2 (the term
proportional to a3 in Equation (13)), can be neglected. In contrast, the first-order
correction x1 (proportional to a2) is essential for accurately capturing the system’s
limit-cycle behavior. It is observed that when the system is subjected to an external
harmonic excitation with frequency Ω close to the natural frequency ω, the MSM
analytical solution (Equation (13)) exhibits excellent agreement with the results of the
numerical integration of the nonlinear ordinary differential equation (1). The relative
discrepancy between the analytical solution that includes the first-order correction x1

and the benchmark numerical solution is of the order of 1%. This level of accuracy
confirms that the MSM solution (13) constitutes a reliable efficient tool, capable of
capturing the influence of the key design parameters of the maglev system, and can
therefore be confidently employed for both system analysis and design purposes.

4 Conclusions and perspectives

The non-linear dynamics of the HTS maglev transit system under development at the
University of L’Aquila has been investigated in the paper. Magnetic levitation en-
ables high-speed, energy-efficient operation but is highly sensitive to external distur-
bances due to its inherently low damping. To analytically capture the system’s com-
plex behavior, the Multiple Scales Method (MSM) has been employed. The result-
ing analytical solutions are compact, physically insightful, and well suited for design
and parametric studies, offering a computationally efficient alternative to full time-
domain simulations. The analysis has highlighted resonance phenomena governed by
damping, natural frequency, and nonlinear levitation force characteristics, which can
strongly influence performance, stability, and safety. Numerical simulations based on
direct integration of the nonlinear equations of motion have confirmed the accuracy of
the MSM predictions over a broad range of operating conditions.

The model and analytical solutions developed in this study offer a valuable tool for
guiding and supporting the design of the maglev system, as they explicitly capture the
interdependencies between geometry, design constraints, and performance metrics re-
lated to the levitation force. This framework can facilitate efficient exploration of the
design space, can help identify promising configurations for detailed evaluation, and
can reduce dependence on computationally intensive simulations or costly experimen-
tal testing. Future work will focus on exploiting this analytical framework for design
optimization. Additional research directions include: (i) analytical characterization
of horizontal vibrations under the combined effects of magnetic guidance forces and
external disturbances; (ii) investigation of coupling mechanisms between horizontal
and vertical oscillations; (iii) development of effective vibration control strategies to
enhance system damping; and (iv) design of energy-harvesting solutions to convert
vibrational energy in this nonlinear system into usable electrical power for onboard
applications, extending previous work limited to linear systems.
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