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Abstract

This paper is concerned with the application of the virtual element method (VEM) to
solve topology optimization problems for two-dimensional structures in contact. The
goal is to design an optimal layout for two bodies in bilateral frictional elasto-plastic
contact to minimize the maximal contact stress along the joint boundary of the bodies
and to ensure the uniform distribution of this stress. This work is concerned with the
extension of the VEM to nonlinear problems. The key feature distinguishing VEM
from the classical finite element method is that the local basis functions in VEM are
only implicitly known. VEM is used to approximate the governing boundary value
problem as well as the gradient flow equation exploiting the calculated derivative of
the cost functional. Generalized Newton method is used to solve numerically this
discretized optimization problem. Numerical examples are provided and discussed.

Keywords: topology optimization, contact problem, friction, elasto-plastic material,
virtual element method, gradient flow equation.



1 Introduction

Topology optimization consists in material distribution within the design domain to
minimize the given cost functionals describing required features of the structure [2,
14, 15]. Most research related to topology optimization has been concerned with lin-
ear elastic structures (see references in [2]). The amount of papers dealing with non-
linear elastic structures or nonlinear mechanical behavior is limited. The ability to
take into account elasto-plastic materials is of great interest of industrial engineers.
Plasticity models account for irreversible microscopic mechanical defects resulting in
plastic areas which tend to deform more than elastic ones. This may lead either to
wear and fatigue of the structure or to its damage. The fundamentals of the theory of
plasticity and elasto-plasticity, including both mechanical and mathematical aspects,
are presented and discussed in many monographs (see references in [9]). The contact
problems between elasto-plastic bodies governed by variational inequalities are dis-
cussed in [6, 8, 14]. Shape or topology optimization of elasto-plastic structures have
been investigated in [2, 14, 15].

The Virtual Element Method (VEM) [4] is a numerical technique designed for
polytopal discretization. Its mathematical foundations have been well established
[4,5,7,10,12,16,17,21] and its benefits have been explored on numerous applica-
tions. Inspired by the ideas put forward by the Mimetic Finite Difference method [13]
VEM was devised and put into a Galerkin framework [13], ultimately becoming a gen-
eralization of standard FEM that allows using arbitrary polytopal meshes. The main
idea behind VEM is that the local shape function space in each element is defined
implicitly - thus the name virtual. Furthermore, shape functions are constructed ac-
cording to an integer k, which represents the interpolation order of the approximation.
In spite of its short life span, VEM has already caught the attention of the computa-
tional mechanics community (see references in [18,19]). The method was designed to
handle arbitrarily shaped polytopal discretization, which are particularly convenient
for meshing complex geometries. This endows VEM with unmatched flexibility in
the pre-processing stage of the analysis.

The aim of this work is to solve numerically the shape and/or topology optimization
problem for two bodies in contact assuming static elasto-plastic rather than elastic ma-
terial model. The optimization problem consists in finding such shape of the domain
occupied by the body in contact to minimize the stress along the contact boundary.
The bilateral elasto-plastic contact problem with Tresca friction is formulated using
the small strain plasticity material model [6]. This problem is reformulated as dual
variational problem where the displacement and the generalized stress of the body are
governed by the system of two coupled variational inequalities. Using Moreau—Yosida
as well as friction regularization techniques [15] these inequalities are transformed
into the set of two coupled nonlinear equations. The topology optimization problem
for the bodies in contact is formulated in terms of material density function. The
derivative of the cost functional is calculated and gradient flow equation formulated.
The optimization problem is discretized using the virtual finite element method. The
semi-smooth Newton method is used to solve the discrete contact problem. Numerical



Figure 1: Contact problem.

results are reported and discussed.

2 Topology optimization problem

Topology optimization consists in material distribution within the design domain to
minimize the given cost functionals describing required features of the structure [3,
10]. Topology optimization of contact problems aims to reduce maximal contact stress
generating wear or fatigue of the contacting surfaces.

2.1 Contact problem

Consider a body occupying a bounded domain 2 C R¢, d = 2,3, with a Lipschitz
continuous boundary I' (see Fig. 1). The boundary I is divided into three open disjoint
and measurable parts I'y, 'y and I'3 such that meas(I';) > 0. The displacement of the
body subject to deformation by a given volume force of density f; = fi(z), x € Q,
and a surface traction of density fo = fo(x) applied on the boundary I's is denoted
by v = {u;}&,. The body is clamped along the boundary Ty, i.e., its displacement
vanishes there. Along the boundary I'; the body is assumed to be in bilateral frictional
contact with the rigid foundation. The friction phenomenon is modeled by Tresca’s
law. The forces f; and f> are acting slow enough to neglect the inertial terms. The
domain {2 is filled with a material undergoing elasto-plastic deformation. The additive
small strain plasticity model is used [9].

We shall consider the following contact problem: find the generalized stress field
(0,%) : @ — R4 x R4 the displacement field u : Q2 — R, the generalized strain
field (e?,€) : Q — R4 x R4 satisfying the maximal plastic work principle [9] for



generalized stresses as well as

dive + f, =0 in ©Q, (1)

u=0 on I'y and o, = fy on I'y, (2)

u, =0, |o;|<pp on Iy, (3)

lo;| < pgp = u, =0 on Iy, 4)
lo, | = ppp = 3IN>0,

u, = —Ao, on [}. )

For the unit outward normal vector v to the boundary I' normal and tangential compo-
nents of the displacement field v are denoted by [9] v, = u-v =u; - 13,1 =1, ...,d,
and by u, = u — u,v, respectively. Similarly normal and tangential components of
the stress field o are denoted by 0, = ov - v and by o, = ov — o, v, respectively. A
real constant pi > 0 and | - | denote the friction coefficient and the Euclidean norm,
respectively. A real constant p is interpreted as a bound of normal contact stress o,
along the boundary I's [17]. For a given p > 0 system (1)-(5) governs the elasto—
plastic bilateral contact problem with Tresca friction.

Using the regularization as well as penalization techniques [15] the original contact
problem (1)-(5) is approximated by the system of coupled nonlinear equations: find
ug € V and (og, x3) € S x S satisfying the following system of nonlinear equations
forall (1,n) € S x Sandv €V,

/Q[O’g O (1 —08)+ xp: H . (n — xp)]dz +
z / (05— P (05)) : (7 — 05) + (xs — P& (xs) - (0 — xa)lde —

/ €(ug) : (1 —og)dr =0, (6)
Q

/Qe(v —ug) : og(u)dr +

Vi (usg)(v — ug)ds =
I's

/ fi(v —ug)dx + fa(v — ug)ds. (7)
Q Iy

V C H'(Q) and S C L?*(Q) are spaces of admissible displacements and stresses,
respectively. For definition of spaces L?*(2 and H'(2) containing square integrable
functions and their derivatives, respectively, see [9]. P denotes the regularized
projection operator of generalized stresses on the set of generalized admissible stresses
Ky [15]. Tensors C~! and H~! denote the inverse of compliance and hardening
tensor, respectively. Constants 5 > 0 and & > 0 are regularization parameters [15].



2.2 Optimization problem

Let us formulate the optimization problem for the state system (6)-(7). Let us choose
the material density function p = p(x), x € (), as the design variable. It indicates
the solid sub-domain when p ~ 1 and void sub-domain when p ~ 0. The objective
functional J(-) : V' — R is assumed to depend on the solution u(p) to the state system
(6)-(7) in the domain €). In general this functional is sum of domain and/or boundary
integrals, i.e.,

J(u(p)) = / (u(p))d + / B(u(p))ds, ®)

where the integrand functions ¢ : R? — R and 1; : R* — R depend also on the
solution u = u(p) to the state system (6)-(7). These integrand functions are assumed
smooth enough and their first derivatives are bounded for every u. The set of admis-
sible material density functions is given by U?, = {p € H'(Q) N L®(Q): 0 < p <
1, Vol(p) < Vol?"}. In order to ensure the solvability of the optimization problem
we regularize it adding to (8) Ginzburg-Landau free energy functional:

E(p) = /Q b(p)dS2, ©)

with the integrand function ¥ (p) = % | Vp |* +24p(p). where € > 0 is a constant
and constant vy > 0 is the interfacial energy density parameter. The function ¢5(p) =
%(1 — p?) is a double-well potential which characterizes the two phases of material
[15]. The regularized cost functional J(p, u) has the form

J(p,u) = J(u) + E(p), (10)

Consider the following topology optimization problem: find material density function
p* € U?, such that

J(p*,u*) = min J(p,u), (11)

PEU,

where (u(2),0(22), x(€2)) is the solution to the state system (6)-(7) in the domain
(). In applications are considered different cost functionals. Among others, ¢ = 0,
Y =o,(u)-n,(z), x € Q, n(x) is an auxiliary given bounded function and o, (1, is
the normal component of the stress field o = o(u) (). The other examples include:
Y =max{o, x € Q}ory =0, p>2.

2.3 Optimality conditions

Let us use Lagrange multiplier technique to formulate optimality condition for prob-
lem (11). Using Lagrangian function for this optimization problem we define the
adjoint state (z,p,q) € V x S x S satisfying the system of the adjoint equations for



allv € Vand (1,n7) € S x S:

/Qdq’;iu)vder/Fdiiu)vds—/Qe(vﬁ):

(p—op)de+ | V,jl(vg)zds =0, (12)
I's

as well as

/Q[TB O (p—r)da+ s H\(q — n)]dee

va [ (72— Pl ) s+
(s — Pr,, (15)) * qdw +
/Qe(z —ug) : Tg(u)dz = 0. (13)

Using (12)-13) as well as Lagrange multiplier technique we obtain [15] the derivative
J'(p) of the functional (11) as equal to:

(o) = / op(p)ndz,

with og(p) = o : (C7) :p+ X (HY) 1 g+ ve | Ap | +2¢%(p). The optimal
topology p* we shall find as the solution to the modified Cahn-Hilliard equation, i.e.,
gradient flow dynamic equation. Assume p is dependent also on artificial time ¢ inter-
preted as the sequence of computational iterations. Therefore in time interval [0, T,
with given T > 0, w = pg(p), density function p is a solution to [15]:

% =V - (Vw) in Q, (14)
Vw-v = Vp-v=0 on 01, (15)
p(0,z) = po(x) in Q, t=0. (16)

In the mixed formulation system (14)-(16) for all (n,v) € H'(Q) x H' () takes the
form

1
(U},U) = (vpa VU) + 8_2b<p7 P, U)a (18)

where b(u,v,n) = [o[Usw) -v+0: (C7") :p+X: (H') : ¢nde.

3 Virtual element method

The VEM introduced in [4] is a combination of the standard finite element method
(FEM) and the mimetic finite difference method. In order to deal with arbitrarily



shaped polygonal elements, VEM uses general finite element spaces that may con-
tain non-polynomial functions. In addition, by avoiding an explicit expression of a
basis function and constructing certain operators involved in its discrete problem, the
VEM can handle general polygons, including non-convex elements and very distorted
elements. However, as for standard FEM, numerical integration is required for the
polynomial component and hence we assume that it is possible to compute their con-
tribution by means of some quadrature procedure. One such technique, although by no
means the only possibility, is to subdivide each polygon into triangles and use Gaus-
sian integration. However, an appropriate choice of DOFs could drastically decrease
explicit numerical integration, as explained later. Due to its firm theoretical founda-
tion [1,6,7,10,11, 16, 17] and easy implementation, it not only has been extended to
nonconforming [6,7] and discontinuous [18] and mixed [12] VEMs, but also has been
applied to solution of many practical problems [18-20].

3.1 Virtual element method for gradient flow equation

We shall use the VEM to discretize and solve the gradient flow equation (17)-(18). For
every mesh size h, let K, be a sequence of partitions of domain 2 into elements /'
having diameter hx and measure |K|. This family of partitions is assumed to satisfy
standard regularity assumptions [4,7,12,21]. In order to define the lowest discrete
virtual element space, we shall define the following H' and L? polynomial projections
of trial functions on the element K. The H*' projection IT)}: H'(K) — P1(K) on K
for all v € H'(K) is defined by:

(VT v, Vq)k = (Vu,Vq)k Vq € Pi(K) (19)

and on the boundary 0K (VIIv,1)sx = (Vv,1)gxk. The set P;(K) consists from
polynomials of degree less than or equal to [ on K [4]. The L? projection TI%:
L*(K) — P1(K) on K is defined by:

(Mg, )k = (v,q)x Vg € Pi(K), (20)
Let us define the local virtual element discrete space on general meshes as

Xh|K = {’Uh € XMK .
(vn — VITZvn, @)k =0 Vg € Pi(K)}, e2y)

where the space X, h|K 18 given by:

Xh|K = {Uh c HI(K) WANS Pl(K),
vpjore € C°(OK), vpye € Pi(e) for each e € DK }. (22)

As degrees of freedom we can use the values of v, at the vertices of element /', which
matches the dimension of X k. The global discrete virtual element space has the
form:

X, = {Uh S Hl(Q) SUnk € Xh|K forall K € ICh}



In order to provide computable discrete approximation of system (17)-(18) we shall
use also the following symmetric, positive definite and bilinear forms:

St (i, pj) = max(1, (Ve VII )k )0: 5, (23)

S5 (@i, ;) = max(| K |, (Wi, Ie0;) )65 5, (24)
where {¢;} denotes the local canonical basis of the space X,k and §;; is the Kro-

necker function. Using forms (23)-(24) we can approximate three exact local forms
(V. V)k, () and b(-, -, ) by:

af(vhaﬁh) = (VHXUM VHth)K +
SE (v, — Vv, nn — VITE0)), (25)

mp (vn,mn) = (Mevn, Woemn) x +

SE (vn, — Moo, — 1), (26)
by (un, v, ) = (1K |71 mys (un, un) — mg (vn, mp).

The first terms of (25) and (26) ensure the consistency of the discrete bilinear forms [4,
12]. The second terms in these forms are called stabilization terms and they guarantee
the continuity and coercivity of these forms [4, 12]. Summing up the local forms
element by element we obtain the global discrete forms. Since the projections T} and
I19 can be exactly computed only by degrees of freedom therefore the discrete virtual
element forms are also computable. Let us assume the partition of the time interval [0,
T] with the time step 7 = T'/N is uniform and the backward Euler scheme is used to
approximate time derivative. For a given p9 € X}, as the virtual Lagrange interpolant
of p° and for all 1 < n < N fully discrete virtual element problem approximating
(17)-(18) consists in finding (p}},w}!) € X x X, 1 < n < N such that for all
N, v €€ X, X X, it holds

oy —ppt!
mp (T, ) + an(wy, ) = 0, 27)
1
mp Wy, v) = an(pf, vn) + E_Qbh(p27 Phs Un)- (28)

For the convergence result of the scheme (27)-(28) see [7,11,12].

4 Numerical example

The first experiment is concerned with testing the convergence of the method for sys-
tem (17)-(18). The tests have been run on domain Q = [—1,1]?, for T = 1, assuming
the exact solution p = sin(7x)sin(mwy) sin(t) either on regular squared mesh (mesh1)
or on hexagonal element mesh (mesh2). Tables 1 and 2 present L? error results for p
and w at the end time 7'. The expected convergence rate with respect to mesh size h
is confirmed.



b [ = Wopn [ | [ w— Tw |
0.12500 | 1.4463-1072 1.7106-102
0.06250 | 4.0487-1073 5.2561-1073
0.03125 | 1.0398-1073 1.6532-1073

Table 1: Meshl. L? error estimates || p — I1%p;, || and || w — [1%wy, || at the time 7.

h [l p—Mgepn || | [ w—gews |
0.12500 | 1.9804-10~1 | 2.7391-10"
0.06250 | 5.0145-1072 | 7.2554-1072
0.03125 | 1.2354-107% | 1.5742:1072

Table 2: Mesh2. L? error estimates || p — I1%py, || and || w — TT%wy, || at the time 7.

Figure 2: Optimal topology.

The second experiment is concerned with the solution of the topology optimization
problem for a body occupying two-dimensional domain € C R? in bilateral contact
with the rigid foundation in the Matlab environment. The functional (10) with t)(u) =
0 and ¢(u) = o(u)v is chosen as the objective functional. The aim of the topology
optimization problem is to reduce the contact stress. The constraint function is equal
to volume constraint, i.e., Vol(p) = [, dz — V9. The domain Q C R® is chosen as
follows (see Fig. 1)

Q={(r1,72) ER*:0< 2, <8 A 0<v(r)) <9 <4}, (29)

where the function v(z;) = 0.125- (z; —4)? describes the boundary I';. The boundary
[ of the domain € is divided into three disjoint pieces: 'y = {(z1,22) € R* : 71 =
0,8 A0 <wv(ry) <y <4}, Ty ={(r1,22) €ER2:0< 2y <8 A 19 = 4},
U3 ={(z1,72) € R?: 0 <2 <8 A v(zy) = 22}

Domain 2 is filled with the solid material characterized by the Young moduli £; =



10 - Ey Ey = 2.1 - 10° MPa. The Poisson’s ratio is equal to v = .3. The shear and
dilation moduli are equal to 8 - 10* MPa and 1,1 - 10° MPa, respectively. The yield
stress o, = 367, 4 MPa. The hardening parameters are equal to k; = 1 - 10° MPa and
ky = 0 MPa. The body is loaded by the boundary traction f, = —6.5 - 107 N along
the boundary I';, the body force f; = 0 in domain €. The hold-all domain D is a
rectangle [0, 8] x [0, 4]. This domain is divided into hexagonal grid with h = 1/16.
Fig. 2 displays the obtained optimal topology. The areas of weak material appear in
the central part of the domain {2 and close to the clamped boundary I';. The mass
of the optimal structure is larger for elasto-plastic material in comparing to elastic
material model. The algorithm tries to avoid the generation of plastic zones which are
less rigid and induce larger displacements. Von Mises effective stress concentration
areas appear close and above the contact zone.

Remark VEM does not require explicit computation of the shape functions and their
gradients. It implies it is less sensitive to degenerated polyhedra as compared to the
standard FEM. In terms of optimization problems, VEM offers the great flexibility in
element geometries and local space definitions. Therefore the proposed VEM-based
topology optimization is capable to produce designs with improved geometrical res-
olution as compared to the standard topology optimization framework with element-
wise constant design variables and material densities. For a given mesh, because the
size of the stiffness matrix is identical for FEM and VEM frameworks, the proposed
VEM framework is able to consider a significantly bigger number of design variables
than the standard one with almost identical computational effort. It allows to achieve
a higher efficiency. The proposed framework is flexible in imposing various pattern
and layout constraints and can lead to designs that are directly manufacturable by 3D
printing.

5 Conclusions

The obtained results indicate that presented approach based on the application of the
Virtual Element Method can be used to solve numerically a topology optimization
problem for bodies in bilateral frictional contact. Nonlinear small strain elasto-plastic
with linear kinematic hardening material model rather than elastic material model is
used. VEM allows to improve the verification of contact conditions and is suitable
for complex geometries domains. VEM based approach, by exploiting the advantages
of polyhedral elements, offers an effective tool for mesh adaptation in topology opti-
mization. It is capable of finding topologies that generates minimum contact stress.
This approach is flexible and can be extended to solve other topology optimization
problems for structures governed by other nonlinear equations. The use of higher
order VEM especially for non-smooth problems will be subject of future research.
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