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Abstract

This paper proposed an optimization method which improves the uniformity of
normal deformation of local regions in the boundary of structure. Firstly, the variance
of normal displacements is proposed as the measurement of the uniformity of normal
deformation on a surface under small deformation conditions. And a topology
optimization method based on the density method improving uniformity of normal
deformation on surfaces is proposed by introducing variance of normal displacements
into topology optimization problems. The relative sensitivity is calculated via adjoint
method. Afterwards, the proposed method has been verified on a numerical case. The
result of the numerical case implied that by using the proposed optimization method
the uniformity of normal deformation on a surface is quantitively measured properly
and effectively improved with a slight influence on global stiffness and acceptable
extra cost on convergence.

Keywords: topology optimization, thermal protection structure, deformation control,
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1 Introduction

In decades, the optimization method has been developed as one of the most efficient
approaches for lightweight structural design with multidisciplinary performance
requirements. Recent progress and applications of topology optimization have been
summarized in literature reviews[1-5], these achievements continue to improve the
performance and practical applications of the topology optimization method.



Deformation control has been one of the key problems in topology optimization. A
common and natural approach to control deformation is by controlling nodal
displacements directly, Yang[6] established a multi-objective topology optimization
model with stress and displacement constraints based on the ICM method. Single-
point or multi-point displacement constrains were also introduced in the design-space
adjusted optimization proposed by Rong[7] and NURBS-based SIMP method
optimization proposed by Rodriguez[8]. In engineering practice, Maute[9] introduced
a wing-tip displacement optimization constrain which effectively suppresses wing
deformation in wing structure topology optimization. Since displacement constraints
of large-scale points may lead to complexities in the iteration process, researchers
have provided some approaches accordingly. Qiao[10] proposed an optimization
method minimizing geometric average displacement, compared to compliance
minimizing optimization, this method is more effective in minimizing displacement.
Zuo[11] achieved a global constraint on displacement based on the BESO
optimization method. The above deformation control methods are natural
measurements for deformations but have difficulties in isolating rigid mode from
displacement and thus are not able to measure deformation properly in some cases.

Another approach controls local deformation by controlling compliance, a
commonly used measurement for structural stiffness in topology optimizations. It has
been introduced as an optimization objective by Bendsee[12], Nha Chu and Xie[13]
with the ESO method, and Wang[14] with the level-set method. Similar quantities are
introduced as measurements for local deformations, Zhu[15] introduced local strain
energy as a measurement and optimization constraint for regional warping
deformation in topology optimization, and Li[16] expanded this method by proposing
AWE strain energy as a measurement for deformation of openings on structures,
afterward, this method was developed into dynamic[17-19], nonlinear[20, 21], and
electromagnetic[22, 23] fields. This kind of method is advantageous in efficiency in
excluding rigid mode from total displacement and constructing optimization problems,
but as an overall measurement of warping deformation strain energy lacks flexibility
in controlling different patterns of deformation.

Therefore, this paper proposes a method aiming at enhancing the uniformity of
normal deformation. In section 2, the variance of normal displacement (VND) is
introduced as the measurement of the uniformity of normal deformation of a local
region in the boundary of a structure. VND-controlled optimizations are formulated
and sensitivity analysis for VND is conducted afterwards. In section 3, numerical
examples including illustrative examples and engineer examples for validation of the
proposed optimization method. Finally, concluding remarks are made in section 4.

2 Methods

In this section, a measurement for uniformity of normal deformation on local regions
in boundary of the structure based on the variance of normal displacement is proposed
and introduced into topology optimizations, sensitivity analysis of VND is conducted
via adjoint method afterwards so that the VND controlled optimization method is
completely formulated.



2.1 Measurement for uniformity of normal deformation

This work is motivated by engineering practices, the uniformity of normal
deformation sometimes plays a significant row in the performance of structure. For
example, the thermal protection structure in Figure 1 for aerospace vehicles consists
of panels fixed on the frames which are tolerant to uniformed normal deformation but

vulnerable to inconsistent normal deformation.
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Figure 1: Typical TPS Structure on Aerospace Vehicles

Therefore, a topology optimization method aiming at enhancing the uniformity of
normal deformation is proposed in this paper. To get a more illustrative view, the
optimization problem is presented in Figure 2.T" is a structural boundary on the
global structure Q is assigned as the surface region where the uniformity of normal

deformation needs suppression.

Figure 2: Structure for Optimization Problem

Let £be a point on the surface of Q, the normal component of & is written as ug‘) ,

and displacements of all nodes on the surface I' is written as uﬁ"). Since normal
deformation of T is determined by u'™, the variance of u” (VND) noted as D(u(r”)),

is defined as the quantitative measurement for uniformity of normal deformation on



the surface I'. in a continuous structure, D (uﬁ”)) is written as:

D(u")= % ] (ug‘) —% I ug‘)da] da (1)

el el
where Ais the area of I'. In discrete FEM structure, D(u(rn)) is written as
D™ =L (M _ M2
(ur )—_Z(U.g —Ur ) (2)
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where @ is the average of the normal component of displacements of points on T":
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By the definition above, the uniformity of normal deformation of I' is measured
by the VND of all nodes on I', shown in Figure 3 (a). For convenience in the
optimization problem definition and efficiency in sensitivity analysis, another shrink
method that measures the uniformity of normal deformation of I" by the VND of key
points on I' , which is shown in Figure 3 (b), is proposed. In this paper, the
distribution of key points on I'" is even and the density of key points is determined by
the nature of specific optimization problems.

(a) All Nodes Controlled (b) Key Nodes Controlled

Figure 3: control methods for uniformity of normal deformation

2.2 Formulation of VND Controlled Optimization

Classic topology optimization problem to find a configuration with minimum global
compliance constrained by material volume is given by equation (4) where X is the

vector composed of design variables X, which is the pseudo-density of the

corresponding element in the design domain, a lower bound X, is assigned in purpose



of avoiding singularity of the stiffness matrix. Global compliance is retrieved by
C=U"KU/2 where K is a function of x while U is fetched by finite elements
equation f =KU, V is the volume of material in the design domain, it is also a

function of x and is constrained by the maximum volume V.

find: x=(x,,X,)

min : C:%UTKU
st..  f=KU 4)
V<V,

max

0<X,, <X <L(i=L---,n)

In this paper, two formulas of VND-constrained optimization are established, one
is by adding an extra constraint on the upper bound of VND:

D(u") < D, (5)

to classic optimization which is given by equation (4) and the VND-constrained

optimization given by equation (6):

find: x=(x,-,X,)
min: C :%UTKU
st.:.  f=KU
V<V (6)

D)< D,,

0<Xyn <X <1(i=1---,n)

Another optimization is formulated by introducing the VND as the optimization
objective and an additional upper bound on global compliance as an extra constraint

which is given by equation (7):

find: x=(x,,X,)

min: D)

st.. f=KU )
V<V
C<C, .

0<Xyn <% <L(i=1---,n)

herein, C_,, is the upper bound of global compliance.

For material interpolation, the SIMP model is used in this paper where penalization
of Young’s modulus for elements in the design domain is given by equation (8)
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E = Xip E, 3

where Ey is Young’s modulus of the original material and p is the penalty factor which
is prescribed at 3 in this work and the density penalization of material is given by
equation (9)

Pi= Xippo )

where p, is the density of the original material.

2.3 Sensitivity analysis

Sensitivities of gradient-based topology optimizers are derivatives of the optimization
objective and constraints with respect of the design variables. As the sensitivity
analysis for basic optimization problems including (4) is well-developed in numerous
references (e.g. Bendsege 1989; Sigmund 2001), the sole focus of sensitivity analysis

here naturally turns to retrieving the derivative of D(u(rn)) to the design variable X
and sensitivity analysis for global compliance C and volume V is skipped.
In this section D(uﬁn)) is be transformed into matrix form for the convenience of

sensitivity analysis. Let D be a m-ordered symmetric matrix given by equation (10)
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where &; :[u7 o U } , and equation (2) is written as
n 1 n _n 1 n n
D) =— > (uf” ~u?)* = —did; =D& (12)
jel'

where éﬁn) is furtherly expressed by global displacement U. Firstly, the normal
component of displacement is calculated as below. As is shown in Figure 2, at point



Yo uy is the displacement vector, e(yn) is the normal unit vector, and u(;) is normal
k k

(n)

N u(;) is given by equation (13)

displacement. By projecting u one
k

u =e™y (14)

In discrete structure Q, uy , the translational displacement of the node y, is written
k
as:

u =S u (15)

herein Sy is a 3x6n extraction matrix whose element S is:
k

1 (j,k)=1Ly, +1),(2,7. +2),(3,7, +3
s, (i) ={(2.7 +1). (271 +2), (3.7, +3)} 16
0 else
Taking (15) into (14), ui“) is given by equation (17)
uV=eWu =e"s u (17)
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and S"" is therefore given by equation (18)
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and fﬁ”) is written by the global displacement U multiplied by a constant matrix,

written as:

u™ eMTs
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and , (12) is written as.
D(uf") = DD, =~ u'S( DD, S 20)

The sensitivity of D(uﬁ")) to the design variables X is:
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the differentiation of the finite element equilibrium f = Kuby X;, ou/ ox; is noted as

1)
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Substituting ou / x; in (21), D(u;)/ 0x; is furtherly derived as
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To avoid the complicated process of calculating K™, the adjoint method is applied in
this paper. Introducing

AT = EUTS(F“)TDIDrS(r”)K‘l
" (24)

a=2u's/DjD, 5
m

where A artificial adjoint vector and q is artificial load, the adjoint vector A is then
computed by an extra finite element equilibrium

g=KA (25)

and the sensitivity of D(uﬁ”) to X, 6D(u(r”)) / Ox; is therefore given by equation (26)
D) _ yrof
OX; OX;

J J

oK

where of / 0x; and 0K/ 0x; is calculated through predefined analytical expression or
prescribed numerical data.

3 Numerical results

In this section, A 2D MBB beam example is investigated to validate if the proposed
VND parameter is effective as a measurement for uniformity of normal deformation
and the effectiveness of the proposed VND controlled optimizations. See Figure 4 the
structure 1s 500mmx>100mm in size and discretized into 4-node square plane elements
with the size of Immx1mm. The top edge of the design domain with a gap of Smm
to the left end is prescribed VND-controlled region, the left edge of the structure is
fixed, and a concentrated force of 50N is applied at the midpoint on the right edge.
For material, the elastic modulus is 210GPa, and the Poisson’s ratio is 0.33.

A classic topology optimization problem, which is given by equation (4), is first
applied as the baseline for the proposed VND-controlled optimization. The objective
of the optimization problem is minimizing global compliance with an upper bound on
volume of 30%. The optimization problem converged after 42 iterations, the VND of
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the optimized design is 2.602x10~ mm? and the global compliance is 5.247x102mJ.

Based on the classic optimization, VND-constrained optimization introduced an
extra constraint on the upper bound of VND of 1.301x10°mm? (5% of classic design)
with objective and other constraints unchanged. This optimization converged after 52
iteration steps with VND decreased to 1.144x10°mm? and the global compliance
consequently increased to 5.571x107 mJ (106.18% of the classic design) which

implied that the global stiffness deteriorated in exchange for enhancement of normal
deformation uniformity of the top edge.

500mm ‘
r cP |

A

Y

Figure 4: MBB Beam

VND-minimized optimization assigned VND of the top edge as the optimization
objective, and an extra constraint on global compliance of 5.571x10° mJ

(Compliance of the VND constraint design) is introduced with a constraint on the
upper bound of the volume of 30%. This optimization converged feasibly with VND

decreased to 7.853x10™ mJ after 300 steps.

(a) Classic Design

(b) VND Constrained Design

(c) VND Minimized Design
Figure 5: Scaled Deformation Pattern



The scaled deformation figure is shown in Figure 5. It is obvious that both VND-
constrained design and VND-minimized design have effectively enhanced the
uniformity of normal deformation on the prescribed region and the uniformity of
normal deformation improves as VND in optimized design declines, which implies
that VND of a prescribed region functioned well as the measurement of uniformity of
normal deformation.

The optimized design's material layouts are shown in Figure 6, 2 of the proposed
VND-controlled optimizations has changed the transmission path in both locally and
globally compare to the classic optimization, and have converged on clear
transmission paths which are preferable for engineering practice.

-

(c) VND-Minimized Optimization
Figure 6: Material Layouts

This numerical case demonstrated that the VND functioned well as the
measurement of uniformity, and the proposed VND-controlled optimizations are
capable of improving the uniformity of prescribed regions for given case.

4 Conclusions

This paper has proposed a VND controlled optimization method aiming at enhancing
normal deformation uniformity on structural surfaces or edges. By introducing
variance of normal displacements of nodes on local region of structural boundary, the
uniformity of normal deformation under small displacement conditions is quantitively
measured and constrained or minimized in corresponding optimizations.

Numerical tests and comparisons with classic topology optimizations demonstrated
that the uniformity of normal deformation on the surface or edge has been improved
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successfully with acceptable sacrifice of global stiffness in both illustrative example
and engineering case.
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