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Abstract

This paper focuses on the Mortar method employing a segment-to-segment approach,
utilized for connecting non-conforming and non-overlapping meshes and for handling
contact between two elasto-plastic bodies. We provide a brief overview of the theory,
present our implementation in Matlab, and conduct numerical results. We use the
vectorized aproach for assembling tangential stiffness matrices and the semi-smooth
Newton method for linearizing the material nonlinearities.
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1 Introduction

In civil engineering, particularly in structural analysis, designing joints between load-
bearing members such as columns and beams is a critical aspect of structural de-
sign. In steel structures, welded joints are commonly utilized, where loads between
members are transmitted via weld and bolt connections. Bolts handle shear and ten-
sion, while compression is typically transferred through contact pressure between steel
plates. European standards, known as Eurocodes, offer comprehensive guidelines for



joint design, including instructions and methods for calculating load-bearing capacity
and rotation stiffness.

The advent of Finite Element Method (FEM) [1] software has led to a shift towards
more universal models employing shell and beam elements. In many engineering
applications, simulating contact pressure between bodies often involves introducing
artificial rigid nonlinear thrust beams with additional boundary conditions to allow
compression forces only. This method proves effective when bodies are initially in
close proximity with minimal friction influence.

Another approach is the “Mortar method” [5] which facilitates connecting non-
conforming meshes and enables contact between elasto-plastic bodies. This paper
introduces the concept of Mortar methods for elasto-plastic contact problems in 2D.
We present our Matlab implementation, utilizing fully vectorized Matlab code for
elasto-plastic problems [10], and provide solutions for standard Hertz benchmark.

We consider a frictionless contact boundary condition between two bodies denoted
as O, Q2 C R?, see Figure 1. We assume that the bodies are fixed on the parts
I'}, T% # () of the boundaries. The load is represented by surface (prescribed on the
boundaries parts I'};, I'%,) and volume forces. The material of the bodies is described
by the elasto-plastic constitutive model with the von Mises yield criterion and linear
kinematic hardening [2]. For the sake of simplicity, we confine ourselves on one-step
problem formulated in displacement. It leads to a minimization of the convex and
smooth functional on a convex set. However the stress-strain relation is not smooth.
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Figure 1: Hertz problem

For the numerical solution of the proposed problem, we adopt the commonly used
FEM, see, e.g., [4], [3]. The finite element partition will be denoted as 7;, = 77} U 722
and consists of elementary elements. In particular, displacement fields are approx-
imated by continuous, piece-wise linear functions and strain (stress) fields are ap-
proximated by piece-wise constant functions. The final discretized problem can be
classified as an optimization problem with simple linear equality and inequality con-
straints.



2 Algebraic formulation of contact problem for elasto-
plastic bodies

The algebraic formulation of the problem is related to the contact of two bodies. This
means that an unknown displacement column vector v € R" consists of two parts,
i.e., it has the following structure:

(T .T\T
V_<V17V2)7

where v; denotes the displacement vector on €', i = 1, 2. We define the space
YV ={veR"|Bgv=o0}, (1)
and the set of feasible displacements
K={veR"|Bgv=cpg Bv<c}. 2)

Here the equality constraint matrix By € R™#*" represents the Dirichlet boundary
conditions defined on T'};, T'%,. The inequality constraint matrix B; € R™*" repre-
sents the non-penetration condition on the contact zones '}, I'4. Notice that K is
convex and closed.

Let K. € R™ " be a block diagonal matrix consisting of the elastic stiffness ma-
trices K’ defined on each domain Q' 7 = 1,2. Due to the presence of the Dirichlet
boundary conditions on both domains and the Korn inequality, we can define the en-
ergy norm on V:

Iv]e := VVTK.v =

2
T _ (vT T\T
E ViKZeVZ‘,V—(Vl,V2) eV

i=1

Notice that using this norm is suitable both from mechanical and mathematical points
of view.

The algebraic formulation of the contact elastic problem can be written as the fol-
lowing optimization problem

Find ue £: J(u) < J(v), VvveKk, (3)

where
J(v):=¥(v)—flv, veR" 4)

Here the vector f = (flT T )T € R" represents the load consisting of the volume and
surface forces, and the initial stress state. The functional W represents the inner energy
and has the structure
W(v) = (W, (vi)T, Wa(va)T)" .

Additionally, W is a potential to the non-linear elasto-plastic operator F' : R" — R",
i.e., DU(v) = F(v), Vv € R". The function F is generally nonsmooth but Lipschitz
continuous. It enables us to define a generalized derivative K : R" — R"*" of F'in
the sense of Clark, i.e. K(v) € 0F(v), v € R". Notice that K (v) is symmetric, block
diagonal and sparse matrix. Moreover the following properties of ' and A hold [9]:



1
F(V+W)—F(V):/ K(v+6w)wdd Vvv,weR" (5)
0

2. K(v) is uniformly positive definite and bounded with respect to v € V:

FJve(0,1): v|w|P<w Kv)w < ||w|? VYv,we. (6)

3. Fis strongly semismooth [6] on V), which yields that for any v € V and any of
sufficiently small w € V:

F(v+w)—F(v) = K(v+w)w = O(|[w]). )

Notice that (5) and (6) yield that W is coercive and strictly convex on ). Hence the
problem (4) has a unique solution and can be equivalently written as the following
variational inequality:

Findue K : F(u)'(v—u)>f'(v—u) Vvek. (8)

The estimate (7) will be important for showing that the semi-smooth Newton method
defined in the next section has a local quadratic convergence.

3 Semi-smooth Newton method for optimization prob-
lem

The proposed problem (3) contains two nonlinearities — the non-quadratic functional

J (due to ¥) and the non-penetration conditions included in the convex set K. By the

semismooth Newton method, we will approximate W by a quadratic functional similar
to the Taylor expansion:

1
U(u) ~ ¥(u") + Fu")"(u—u*) + §(u —u")TK(u*)(u - u),
for a given approximation u* € K of the solution u to the problem (3). Let us denote
f, = f — F(u*), K; = K(u*) and define:
Krp=K—-u"= {V €R"|Bgv=o0, Bjv<cry crp:=cr— Bfuk} ,

1
Jp(v) = §VTKkV —flv, vek. 9)

Then the Newton step is following:
wtl = ub 4 suk,  uFtl e K
where Ju”* € K, is a unique minimum of .J;, on Cj:

Je(6uF) < Ji (v) Vv € Ky, (10



or equivalently ju* € K, solves the following inequality:
(Kpouh)" (v — 6u¥) > £ (v — 6u") Vv € K. (11)

Notice that if we substitute v = u**! € Kinto (8) and v = u — u* € K, into (11),
then by adding we obtain the inequality

T

(K(u)6ur)" (u—u*) > (F(u) — F(u?))" (u—ub*h),

which can be arranged into the form
(W — )" K (u") ("t — ) < (F(u*) — F(u) — K(u")(u" - u))T (u —ur).

Hence one can simply derive local quadratic convergence of the semi-smooth Newton
method by (6) and (7) provided that u* is sufficiently close to u.

4 Mortar method

To describe contact between '}, T'%,, we divide contact zones into master-slave sur-

faces fyﬁl), ? in such a way, that for every master surface fyﬁl) on T} there exists

slave surface 752) on F?V. Between each master-slave contact surfaces, we can define
discretized contact energy II. caused by traction forces t € R™ on gap g € R™
between those surfaces

(v, t) =t'g (12)

with Karush—Kuhn-Tucker (KKT) conditions for friction-less contact

95 2 0, (13)
t; <0, (14)

Inequalities (13) ensure non-penetrating of bodies, inequalities (14) enforce the pres-
sure exclusively on the interface, and complementarity equations (15) secure pressure
to occur if and only if two bodies are in contact with zero gaps as well as prevent
contact pressure to act in the case of a non-zero gap. Rewriting gap constrain (13) to
the matrix representation, we obtain mortar inequality constrain

B 1A% S Cr (16)
with mortar constrain matrix B; and mortar constrain vector c; given by
B;=N"(D - M), (17)

c; = —NT(D - M)x, (18)



where x € R"™ is node coordinate vector and N € R?™ %™ is a block-diagonal matrix
with diagonal blocks of the normal vector from each slave node n;, ¢« = {1,...,sl}
on slave surface ’yﬁl),
n;
N =

ng

Matrices M, D € R?™*" are composed from rows representing dependencies of the
movement between master and slave nodes with components given by

Dj; = Dl = / N, (19)
Ve

M, = M; I, = / N &, NVdyL,. (20)
Ye

Here, N; and N; denote basis functions of the slave and master mortar elements, re-
spectively, ®; denotes dual basis functions of slave mortar element and I, a 2 x 2
identity matrix. Both integrals are evaluated over the slave surface yﬁ”. The dimen-
sion of mortar elements is always one lower than the dimension of the elements (in
our example we have 2D elements and 1D mortar elements) with the same basis func-
tions as the normal elements. In our implementation, we consider linear elements with

given explicit dual basis functions
o, =1/2(1 - 3¢), Oy = 1/2(1 + 3().

For higher order basis function, please refer to [5].

Additionally, we have to mention some technical details about mortar constraints.
Each integration in (19), (20) is further multiplied by identity matrix I, since there
are two degrees of freedom (DOF) for each node. Further, normal vectors and node
positions are based on the deformation of bodies, thus the inequality (16) is non-linear
in v, see our previous articles [7,8]. The last equation D — M describes the mutual
movement of slave-master nodes respectively, which causes the sum of each row of
D — M to be zero. In special case, when all nodes from 751) lie on 79), the equation
(18) would evaluate zero vector. In such a case, changing inequality in (16) to equality

ensures the glue boundary condition of two non-conforming meshes.

5 Numerical benchmark

As a benchmark, we consider a contact between two bodies Q', Q2 of homoge-
neous elasto-plastic material with zero displacement on boundary I'?; and imposed
displacement u, on I'f,, see Figure 1. We consider the von Mises elasto-plastic model
with kinematic hardening. Material of Q' and ? are defined by Young’s modulus
E, = E, = 206,900 Pa and Poisson’s ratio 14 = 15 = 0.29. The inelastic material



parameters are set as follows: a; = a, = 10, 000 Pa (kinematic hardening coefficient)
and Y7 = Y, = 4504/2/3 Pa (yield stress). For this 2D benchmark, we consider plain
strain. Body ! is a semicircle with radius of » = 8 mm and body 2? is a rectangular
with cross-section of 30/10 mm. These blocks have prescribed contact zones I}, , T2
which also describe master and slave side of contact region respectively. Displace-
ment is applied on face of the block Q', spread equally across whole edge. Block Q!
is discretized by 1200 finite elements, block 2 is discretized by 2720 finite elements,
see Figure 2.

The termination criterion for the Newton method was chosen to be 1075, and the
Matlab version of the Interior point method called “quadprog” was chosen as the in-
terior solver of the problem with an inequality constraint.

In Figures 3 — 7, we can see the total displacement with the plotting of the total
stress in the z-direction (Figures 4 and 5), also the von Mises stress (Figures 6 and 7)
and in the Figures 3, you can see the value of hardening. All values are in Pa.
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Figure 2: mesh of Hertz problem Figure 3: hardening fields
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Figure 4: stress o, distribution Figure 5: von Mises stress distribution




Figure 7: zoom of von Mises stress distribu-

Figure 6: zoom of stress o, distribution ton

6 Concluding remarks

In this paper, we proposed a numerical method for solving contact elasto-plastic prob-
lems with the Mortar method on a numerical example. The numerical realization and
implementation of the problem were newly included into the our in-house library. In
fact, the proposed method can be used in other research or can be as a part of other con-
tact inelastic problems than the considered frictionless contact problem of von Mises
elasto-plastic bodies with kinematic hardening.

Acknowledgements

This contribution has been prepared thanks to the Czech Foundation (GACR) through
project no. 22-13220S “Development of iterative algorithms for solving contact prob-
lems emerging in the analysis of steel structures bolt connections.”.

References
[1] Klaus-Jiirgen Bathe. Finite element procedures. Klaus-Jurgen Bathe, 2006.

[2] E. A. de Souza Neto, D. Peri, and D. R. J. Owen. Computational Methods for
Plasticity. Wiley-Blackwell, October 2008.

[3] Zdenék Dostal. Optimal Quadratic Programming Algorithms, with Applications
to Variational Inequalities, volume 23. SOIA, Springer, New York, US, 2009.

[4] Ivan Hlavéacek, Jaroslav Haslinger, Jindfich Necas, and Jan LoviSek. Solution of
Variational Inequalities in Mechanics. Springer Verlag, Berlin, 1988.



[5]

[6]

[7]

(8]

[9]

[10]

Alexander Popp, Michael W. Gee, and Wolfgang A. Wall. A primal-dual active
set strategy for finite deformation dual mortar contact. In Recent Advances in
Contact Mechanics. Springer Berlin Heidelberg, 2013.

Liqun Qi and Jie Sun. A nonsmooth version of Newton’s method. Mathematical
Programming, 58(1-3):353-367, jan 1993.

TadeaS Svétlik, Radek Varga, Luk4s PospiSil, and Martin Cermdk. Mortar
method for 2D elastic bounded contact problems. Management Systems in Pro-
duction Engineering, 31(4):449-455, December 2023.

TadeaS Svétlik, Radek Varga, Luk4s PospiSil, and Martin Cermdk. Mortar
method for 2D elastic contact problems. In Civil-Comp Conferences, CIVIL-
COMP 2023. Civil-Comp Press, 2023.

Stanislav Sysala. Application of a modified semismooth Newton method to
some elasto-plastic problems. Mathematics and Computers in Simulation,
82(10):2004-2021, June 2012.

Martin Cermék, Stanislav Sysala, and Jan Valdman. Efficient and flexible MAT-
LAB implementation of 2D and 3D elastoplastic problems. Applied Mathematics
and Computation, 355:595-614, 2019.





