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Abstract

This study presents the bending resistance model uncertainty and corresponding par-
tial factors when performing a design or an assessment of ultra-high-performance re-
inforced concrete (UHPC) beams via non-linear finite element analyses (NLFEA).
UHPC beams that have been both experimentally tested and simulated via NLFEA
are considered, as documented in the literature, treating each source as presenting a
unique modelling hypothesis of the beams’ bending behaviour. A probabilistic anal-
ysis through Bayesian updating processes these uncertainties, updating prior distribu-
tions of resistance model uncertainty with data from various modelling hypothesis to
estimate posterior distributions and the final average posterior distribution. The co-
efficient of variation and mean value of the average posterior distribution is used to
calibrate corresponding partial factors in accordance with the the global safety format
for NLFEAs proposed by codes and literature.
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1 Introduction

Optimizing the performance of ultra-high-performance concrete (UHPC) beams un-
der bending stresses is critical for advancing resilient construction technologies [1,2].
Traditional analytical models often fail to accurately predict the non-linear responses
of UHPC beams, leading to significant uncertainties in structural behavior assess-
ments [3–5]. This underscores the importance of non-linear finite element analysis
(NLFEA) in the design and assessment of these structures, as it can provide detailed
insights into the complex interactions under flexural loading, crucial for ensuring
safety and durability [6] and reducing overly crude estimates provided by simplified
analytical models [7]. Recent advancements in NLFEA have improved our under-

standing of UHPC beam behaviors, particularly in bending scenarios. Research by
Yoo and Yoon [8], Shafieifar et al. [9], Liu et al. [10], Zhu et al. [11], Simwanda et
al. [12] and Zhu et al. [13] has demonstrated the NLFEA is effective in simulating crit-
ical stress points and deformation patterns, influencing design optimizations that meet
the rigorous demands of modern infrastructures. However, despite these advance-
ments, the application of NLFEA still faces challenges due to model uncertainties and
the variability in material and geometric properties that are not fully accounted for in
existing models [3,4]. This paper addresses these gaps by applying a methodology set

forth by previous studies of Castaldo et al. [14,15] to quantify resistance model uncer-
tainties and partial factors in UHPC beams subjected to pure bending moments. The
contribution aims to enhance the design and evaluation of UHPC structures via non-
linear NLFEAs, promoting the development of beams that meet the target reliability
levels set in design standards.

2 Methodology for quantifying uncertainty in NLFEAs

In the assessment of new and existing of UHPC beams in bending vial partial fac-
tor or full probabilistic methods, understanding and quantifying epistemic (or model)
uncertainty in the resistance model definition is paramount [16, 17]. This section ex-
plores a framework for addressing such uncertainties, which stem from limitations in
knowledge about the structure’s behaviour, and can significantly affect the outcomes
of NLFEAs as depicted in Figure 1. Unlike aleatory uncertainties, which are associ-
ated with inherent randomness of the system, epistemic uncertainties can be reduced
with enhanced understanding and more comprehensive data [18]. Central to this eval-
uation is the calculation of the global design structural resistance, Rd, through the
formula [19]:

Rd =
Rrep

γRγRd

(1)

where Rrep is the representative value of global bending resistance derived from NLFEAs,
γR encompasses the aleatory uncertainties related to material properties, and γRd s the
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Figure 1: Framework for calibration of NLFEA model uncertainty safety factor γRd in
accordance with the global safety factor format.

resistance model uncertainty factor addressing epistemic uncertainties within the def-
inition of the non-linear structural model simulating a bending test [19].

Given the complex nature of modelling UHPC beams [18], and the lack of estab-
lished analytical models [3,9], it’s crucial to accurately estimate the partial factor γRd.
The assessment procedure adopts a comparative approach to compute the NLFEA
resistance model uncertainty via the ratio [16, 17].

θ =
R(X, Y )

RNLFEA(X)
(2)
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which contrasts the global bending resistance obtained from experimental investiga-
tions R(X, Y ) with that derived from NLFEA RNLFEA(X). X denotes the vector of
basic variables - inputs into the model and Y is the vector of variables that may af-
fect resistance but are not explicitly considered in the model. This comparison aids in
characterising the random variable that encapsulates the resistance model uncertainty
in the NLFEA bending capacity test. To quantify γRd accurately, Bayesian updating
is employed to refine the probabilistic model representing the resistance model un-
certainty [14]. This process integrates prior distribution, based on initial experimental
and numerical data, with new evidence from other experimental and numerical studies
to update the probabilistic model. The updated model then facilitates the calculation
of γRd as follows [16, 17]:

γRd =
1

µθ

exp(αRβVθ) (3)

where:

• µθ, the mean of the NLFEA resistance model uncertainty,

• β, the target reliability index reflecting the desired level of reliability,

• αR, the first order reliability method (FORM) sensitivity factor, and

• Vθ, the coefficient of variation of the NLFEA resistance model uncertainty.

3 NLFEA model uncertainty across literature sources

This analysis considers experimental tests on the bending capacity behaviour of UHPC
beams, as conducted by the following studies: [3, 8–11, 13] (referred to as literature
sources 1 through 6 hereafter), alongside counterpart NLFEA for these specimens. In-
stead of delving deeply into the varied assumptions and hypotheses of each literature
source, this study simplifies the approach by treating each source as a distinct mod-
elling strategy. Specifically, six different modelling hypotheses, from M1 to M6, are
evaluated. Tables 1 to 6 display a comparison between the numerically computed and
experimentally determined global peak bending capacities. Each source’s modeling
hypothesis is quantified through the prior parameters, mean (µ) and standard deviation
(σ), of the model uncertainty, as shown in the respective tables.

The assessment of modelling uncertainty in various sources has shown that NLFEA
models provide consistent but variably precise predictions for the bending capacities
of UHPC beams. Variations in θ values, representing the ratios of test to NLFEA re-
sults, highlight potential discrepancies due to different modelling assumptions or ex-
perimental setups, with some sources indicating possible inaccuracies. Additionally,
the small standard deviations across hypotheses generally underscore the models’ sta-
bility and reliability. Nevertheless, slight variations in the mean values of θ suggest
differing degrees of conservatism, likely influenced by beam geometries and material
specifics.
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Ref. Specimen Rtest,i (kNm) RNLFEA,i (kNm) θ Modelling hypothesis
[8] NF-0.94 28.2 27.1 1.04 M1

NF-1.50 44.1 40.5 1.09
S13-0.94 39.3 37.1 1.06
S13-1.50 55.8 50.5 1.10 (µθ = 1.08, σθ = 0.03)

S19.5-0.94 42.0 39.5 1.06
S19.5-1.50 56.3 52.1 1.08
S30-0.94 43.2 38.8 1.11

Table 1: NLFEA model uncertainty and peak resistances from both experimental tests
and NLFEA from literature source 1.

Ref. Specimen Rtest,i (kNm) RNLFEA,i (kNm) θ Modelling hypothesis
[9] S6x6-2.6-0.85 54.3 50.6 1.07 M2

S6x6-1.7-0.65 27.2 30.535 0.89
S4x6-3.9-0.75 30.4 28.655 1.06 (µθ = 1.05, σθ = 0.15)
S2x6-1.8-0.50 3.3 2.565 1.29
S6x6-0.6-0.85 23.2 24.85 0.93

Table 2: NLFEA model uncertainty and peak resistances from both experimental tests
and NLFEA from literature source 2.

Ref. Specimen Rtest,i (kNm) RNLFEA,i (kNm) θ Modelling hypothesis
[10] T-1 173 190 0.91 M3

T-2 236.5 267.5 0.88
T-3 286.5 310 0.92 (µθ = 0.96, σθ = 0.08)
T-4 297.3 322.5 0.92
T-5 281.6 300 0.94

Table 3: NLFEA model uncertainty and peak resistances from both experimental tests
and NLFEA from literature source 3.

Ref. Specimen Rtest,i (kNm) RNLFEA,i (kNm) θ Modelling hypothesis
[11] B1-2 180 170 1.06 M4

B2-2 217 198 1.10
B2-3 227.5 205 1.11 (µθ = 1.03, σθ = 0.08)
B3-2 271.5 246 1.10

Table 4: NLFEA model uncertainty and peak resistances from both experimental tests
and NLFEA from literature source 4.

Ref. Specimen Rtest,i (kNm) RNLFEA,i (kNm) θ Modelling hypothesis
[13] A-PBE 211.1 224.4 0.94 M5

A-PB 174 184.6 0.94
C-BE 138.35 142.9 0.97 (µθ = 1.02, σθ = 0.08)
C-B 115.7 119.171 0.97

Table 5: NLFEA model uncertainty and peak resistances from both experimental tests
and NLFEA from literature source 5.

4 Bayesian updating

4.1 Prior Models and Updating Information

This section details the statistical information related to the prior distribution of model
uncertainty and the corresponding updating information used in the Bayesian updat-5



Ref. Specimen Rtest,i (kNm) RNLFEA,i (kNm) θ Modelling hypothesis
[3] RSC1 45 41 1.10 M6

RSC2 46.5 42.5 1.09
RSC4 48.5 43 1.13

S4x6-3.9-0.75 125 112 1.12
S6x6-1.7-0.85 175 160 1.09 (µθ = 1.09, σθ = 0.04)
S6x6-2.6-0.85 225 205 1.10

R12-2 74.5 73.25 1.02
R13-2 95 85.60 1.11
R14-2 105 96 1.09

Table 6: NLFEA model uncertainty and peak resistances from both experimental tests
and NLFEA from literature source 6.

ing process to derive the posterior distribution. The distributions for the prior models
and the updating data were all assumed to be lognormally distributed [14]. As illus-
trated in Fig. 1, the prior model for each modeling hypothesis i is derived from model
uncertainty computations based on literature source i. Conversely, the updating infor-
mation for Mi encompasses all model uncertainty data from sources other than source
i. These statistical properties are represented in terms of probability density functions
(PDFs) and cumulative distribution functions (CDFs), as shown in Fig. 2.
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Figure 2: Statistical information of prior models and updating information represented
in terms of (a) PDFs, and (b) CDFs

The PDFs and CDFs for various models (M1 through M6) in Fig. 3 exhibit signif-
icant differences in peak heights and spreads, indicating variable levels of variability
and bias estimates. Notably, the prior models for M1 and M6 tend to show lower vari-
ability but higher bias compared to other models. Excluding M1 and M6, the prior
models for other modeling hypotheses display similar statistical properties compared
to the distributions of the updating information (’updates’), suggesting that modeling
hypotheses or experimental setup errors in M1 and M6 may contribute to the observed
differences in bias and variability. To mitigate the effects of modeling or experimental
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errors on the final model uncertainty representation, a Bayesian updating approach
is employed. This method robustly processes the uncertainties by incorporating in-
formation from both the prior models and updating information, thereby refining the
posterior distribution.

4.2 Posterior distributions

The Bayesian updating process, as visualized in the flowchart (Fig. 1), enhances our
understanding of model uncertainty through a probabilistic framework. For each set
of UHPC beam test results and corresponding NLFEA outcomes, an individual pos-
terior distribution is formulated. These distributions represent an advanced level of
knowledge, refining the prior distribution parameters based on the updating informa-
tion collected across a wide range of sources. Incorporating 34 UHPC beam results
from 6 sources and the respective NLFEA results for 6 distinct modelling hypothe-
ses, this analysis converges to a singular posterior distribution. As depicted in Table
7, the statistical parameters of prior, updating, and posterior distributions follow the
lognormal assumption, with the mean values converging towards unity and standard
deviations reducing, indicating an increased confidence in the model post updating.

Modelling Prior distribution Updating information Posterior distribution
hypothesis µθ [−] σθ [−] µθ [−] σθ [−] µθ [−] σθ [−]

M1 1.08 0.03 1.03 0.1 1.00 0.052
M2 1.05 0.15 1.04 0.08 1.00 0.050
M3 0.96 0.08 1.06 0.08 1.00 0.046
M4 1.03 0.08 1.03 0.09 1.00 0.045
M5 1.02 0.08 1.05 0.09 1.00 0.045
M6 1.09 0.04 1.02 0.1 1.10 0.033

Average 1.02 0.045

Table 7: Statistical parameters of prior, posterior, and updating information for Log-
normal distribution functions.

The posterior distributions signify a comprehensive characterisation of the model
uncertainty and serve as the probabilistic foundation for evaluating the resistance
model uncertainty safety factor γRd. This factor accounts for the combined effect
of test uncertainty and the inherent variance within the NLFEA results, ensuring a
robust, reliability-based approach to structural analysis and design.

Important to note is that observed model characteristics (nearly unity mean and
CoV of about 5%) are favourable. It is expected that for larger database covering wider
ranges of material properties and geometries, particularly variability would increase.
However, it seems to be evident that NLFEA models offer significant improvements
in comparison to simplified analytical models [7] for which CoV of model uncertainty
often exceeds 30%, becoming a major source of uncertainty for highly engineered
UHPC structural members.
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Figure 3: Statistical information of posterior distributions and the average posterior
distribution represented in terms of (a) PDFs, and (b) CDFs

5 Partial factors

In the context of resistance model uncertainty in NLFEA of UHPC beams in flexure,
the calibration of partial safety factors γRd is crucial. These factors are determined by
considering the target reliability indices β prescribed by design codes and literature for
both existing and new structures [14,17]. These reliability indices account for varying
consequences of structural failure, which are intrinsically tied to human safety and
the anticipated service life of the structure [17, 18]. For the non-dominant resistance
variable case, where the resistance model uncertainty is considered less influential
compared to material and geometric uncertainties Table 8 outline the calibrated partial
factors γRd under different conditions for service life, consequences of failure, and
target reliability indices β, using a FORM sensitivity factor αR.

New structures Service life
[years]

Consequences of
failure

Reliability
index β [-]

FORM fac-
tor αR [-]

Partial factor γRd

[-]
50 Low 3.1 0.32 1.05
50 Medium 3.8 0.32 1.06
50 High 4.4 0.32 1.07

Existing structures Reduced service life [years] Reliability
index β [-]

FORM fac-
tor αR [-]

Partial factor γRd

[-]
50 3.1-3.8 0.32 1.05-1.06
15 3.4-4.1 0.32 1.05-1.06
1 4.1-4.7 0.32 1.06-1.07

Table 8: Partial factors γRd at different target reliability levels for NLFEAs of UHPC
beams in flexure considering that the resistance variable is non-dominant
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6 Conclusions and contributions

This study has investigated the resistance model uncertainties in NLFEA of UHPC
beams subjected to bending loads, using Bayesian updating to refine understand-
ing and quantification of these uncertainties. It was found that in contrast simpli-
fied analytical models, NLFEA models effectively predict the bending resistance of
UHPC beams, despite the inherent complexities of modeling high-performance ma-
terials. The precision varies across different sources, highlighted by statistical anal-
ysis. Bayesian updating significantly improved the accuracy of estimated partial fac-
tors (γRd), better aligning them with the actual performance observed in experimental
setups. The submitted study based on the limited database indicates that model un-
certainty for NLFEA of UHPC beams in flexure indicates might be characterised by
a unity mean and coefficient of variation of 5%, with a corresponding partial factor
of 1.06 (model uncertainty factor). However, further investigations focused on wider
ranges of material properties and beams’ geometries are required to provide recom-
mendations for reliability analyses of UHPC beams.

The methodological approach developed herein for quantifying and updating re-
sistance model uncertainty can be generalized to other structural analysis contexts,
improving the reliability and safety of engineered structures. This study introduces
a comprehensive framework for updating model uncertainties in NLFEA of UHPC
beams, refines the methodology for calibrating partial factors based on probabilistic
models, and extends the application of Bayesian statistical methods in civil engineer-
ing. These contributions not only pave the way for more reliable structural designs but
also enhance the understanding of UHPC behavior under load, promoting safer and
more efficient construction practices.
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